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SIMT'LITTION OF THE THREE-DIMENSIONAL BEIIAVIOR OF AN
UNSTEADY LI\RGE BI,TBBLE NEAR A STRUCTT'RE

Georges L. Chahinea and Thomas O. Perdue
DYNAFLOW, Inc.

10422 Mourtain Qr-il Ror.d
Srlr.rer Spring, Margland. 2O9O l

ABSTRACT

In most practical applications existtng bubble dynamics models, etther spher-

ical or axisymmetric, are only more or less appropriate approxtmattons. In this
paper we wtll describe an on-going proJect whlch conslders the fully three-dimen-

stonal bubble dynamics problem. The lnteractlon between a growtng, deforming

and collapstng bubble near a boundary ls slmulated numerically uslng a Boundary

Integral Method. The example of large bubble dynamtcs near a solld flat plate ln a
gravlty fteld is consldered. The plate orientatlon slgnificantly lnlluences the 3-D

bubble shape and behavior. The flow fteld due to the bubble dynamtcs ls considered

to be potential. To initialize the computatlons, the bubble ls taken to be very small

and spherical. From there on, no addltlonal assumptions are tmposed and the bub-

ble surface ls free to move under the tnlluence of the pressure fleld, lnertta forces,

and the presence of body forces and a nearby wall. The presence of gas tnstde the

bubble ls accounted for using a polytroplc law of behavior and surface tenslon is

included in the model. Thls paper presents the method, addresses the numerical

dlfflcultles and shows the tnfluence of the problem geometry on the bubble

dynamlcs.

INTRODUCTION

Bubble dynamics has been the subJect of much attentlon slnce the end of the
liast century. However, nonspherical bubble dynamlcs, as well as lnteractton be-

tween bubbles, and between bubbles and netghboring complex boundarles have re-

ceived much less attention due to the compledty of the nonspherlcal free boundary
problem irrvolved. In recent years the study of bubble dynamlcs for cavitation
eroslon problems has focused on bubble behavior near solld boundaries. Blake and
Gibsonl glve a very fine overvlew of all facets of this work. Concerntng the model-
ling of the phenomena, several ana\rttcal and numertcal methods have been used.
To quote a few: a Finite Difference Method was used by Plesset and Chapman2; a
VarlaUonal Prlnclple Method, by Shima and NakaJlma3; an Asymptotlc Expanslon
Method by chahine and Bovis4; and Chahine and Llus; a Eloundary Element Method
by Guerri, Luca and Prosperetti6, etc... these studles were, however, limited to an
axis5rmmetric conftguration.

One of the numerical methods that has proven to be very effictent in solvtng
this type of free boundary problem ls the Boundary Integral Method. Guerrl, et al.
and Blake, et al.7 used this method tn the solutton of a:dsymmetric problems of
bubble growth and/or collapse near rtgid boundaries. However, there are ma"ny
cases which cannot be handled with an axtqrmmetric model and requlre a three-
dimenstonal treatment. In this paper, such a three dtmensional numertcal model ls
dweloped to account for the growth and collapse of a buoyant vapor and gas bubble
near boundartes. Buoyancy effects are tncluded to allow the simulatlon of laqge bub-
bles such as those generated by underwater ercplosions. The three-dtmensionality of
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the problem arlses from ortentlng the rlgtd boundary arbltrartly relatlve to the
dtrectlon of gravlty. In general, there ls no a:cts of symmetry, and the entlre bubble
surface must be constdered.

In thls paper we present an outllne of the model, the problem formulatlon, the
numerlcal dilflculttes and the method of solutlon. We then present the results of a
systematlc study of bubble behavlor tn the presence of a solld plane wall at dlfferent
orlentatlons relative to gravity. and at dtfferent dtstances from the wall. The de-
tailed mathematical expresslons lnvolved are very cumbersome and are kept to a
mlnlmum. The lnterested reader ls referred to Perdues and Chahlne. Perdue and
T\rcke€ for more detalled descrlpttons and ecpanstons.

PROBI,EIiil FORMT'LATION

It has been shown tn earlier studtes that due to the relatively large veloclttes
assoclated wfth underwater ercploslon and cavltatlon bubbles (htgh Rrynolds num-
bers) vtscosity has no appreciable effects on the growth and collapse of bubbles tn
water. Also, slnce throughout most of the ltfe of the bubble, the motlon of the bubble
wall ls relatively slow compared to the speed of sound ln water, compressibiltty
effects can be ignored. This ts valid shortly after bubble lreceptton and unttl tts
latest collapse phase. These assumptlons, classical tn bubble dynamtcs studles,
result ln a flow that ls potential and satlsfles the Laplace equatlon,

( l )
where o ts the velocity potential. 

Po= Q

The solutlon must ln addttton sattsff boundary conditlons at lnflntty, at the
bubble wall and at the boundaries of the submerged body in contact wlth the fluld.
In a flxed reference system of arces centered, for lnstance, at the lniUal center of the
bubble, the veloclty potential at lnfinity ls zero. Thls conditlon can be written

l inq *c: Q 121

where X ts the vector position for a field potnt P. At all moving surfaces (such as
the bubble surface or a moving nearby boundary) an tdentity between flutd veloci-
tles normal to the boundary and the normal velocity of the boundary ls to be satls-
fled. At the bubble-liqutd tnterface, the normal veloctty of the mortng bubble wall
must equal the normal velocity of the fluld, or,

VFn = Vs. [, (3)

where n ls the local unlt vector normal to the bubble surface and V, ls the local
veloclty vector of the moving surface. For a soltd stationary boundary, as consl-
dered ar the examples presented below,

V O . n = O  ( 4 )

For a plane wall, thts condition ts met exactly by includl4g an lnage bubble tn the
computatlon of the potential and lts normal derlvative over the bubble surface.

The bubble ls assumed to contaln noncondensible gas as well as a vapor of the
surrounding liquid. The pressure within the bubble at any given time ls considered
to be the sum of the partial pressures of the noncondensible gases, P9 and the
vapor, Pr1, lnside the bubble. Vaportzatlon of the liqutd ls assumed to be fast
enough so that the vapor pressure remalns constant throughout the simulation and
equal to the equilibrium vapor pressure at the ambtent liquid temperature. To the
contrary, gas diffuslon does not have ttme to occur and the noncondenslble gases
are assumed to have a polytroplc behavtor, Pft = constant, where V ts the bubble
volume and k ts the polytroplc constant varylng from k = 1 for lsothermal
behavior to k = 1.4 for adiabatic condlttons.

The pressure at the exterlor of the bubble surface, P1, con be obtalned at any
tlme from the following pressure balance expresslon:

p L = p r = p s o * ) n  - " "
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where Pno and V6 are the tnttial gas pressure and volume respectlvely, o ls the

surface tenslon, C ts the local curvature of the bubble, and V ls the lnstantaneous
value of the bubble volume. Pno and V6 are known quanttttes at t=O.

At the beginning of the stmulation, the bubble ls assumed to be sphertcal. Thrs

appro:dmauon ls valid as long as the chosen hfflal bubble slze ls sufflclently small

and the amount of ttme elapsed slnce the bubble tnceptton ls very short so as to

neglect any tnteractlon wtth the wall. The lnltlal veloctty potenttal of the flow fteld

ls then due to a point source of lntenslty 4nR?R The potenttal at the bubble wall
then becomes

0o--&& (6)

where Ro and Ro are the lnltlal radlus and wall veloclty of the sphertcal bubble.
The lntttal wall veloctty can be obtatned from tntegrattng the Rayletgh-Plesset
equatlon with respect to tlme (see for lnstance Chahtreelo or Blalce and TatbT), ustng;

R= O when R = &nax. In dotng so, one obtatns two solutlons depending on whether
the po\rtropic constant ts greater than or equal to one. For the case where k >1, the
following equation ts obtalned for Ro,

i=?#(r-"*1*&iP"(r'":fl-fr(t-"f vl
where p ts the liquid density, dm= Ro/^&nax,R-.* being the maxlmum radlus

attatnable by the bubble ln an inflnite medlum: ft = 1.4 was used ln the results
gtven below.

METEOD OF SOIIITION

The three-dimensional Boundary Integral Method chosen for thls problem ls

based on Green's equatlon which elfecttvely reduces by one the dtmenston of the

problem. If the veloclty potential, O, and lts normal derlvattves are lslown on the
fluld boundarles (potnts M) and o satlsfles the Laplace equatlon as speclfied in

Equatlon (l), then c can be determtned anywhere ln the domatn of the fluld (field
potnts fl. This can be written:

//, [# ioh. %t(lrtq)] ds= a @(s
where a ts positive and deflned as follows:

e.= 4,lf P ls a potnt in the fluid,
a= 2,lf Pis a point on a smooth surfacc, and
e< 4, if Pls a poirrt at a sharp corner of the surface.
If the fleld potnt P ls selected to be on the surface of the bubble or lts lmage,

then a closed set of equatlons can be obtalned and used at each ttmestep to solve for

values of do/d (or o; assuming that all values of o (or do/dnl are known at the
precedtng step.

To solve Equation (8) numerically, tt ls necessary to discretlze the bubble tnto
panels, perform the integration over each panel, and then sum up the contributlons
to complete the integratton over the enttre bubble surface. To do thls, the tnitially
spherical bubble ts discretized into a geodeslc shape wlth flat, trtangular panels.
Thls allows for a rather even hrtlal dlstributton of nearly equal-sDed panels. In
the numerical code dweloped, the fineness of the grtd can be controlled relatively
easlly by prescrlbtng the frequency of subdlvtsion of basic trtangles of an lcosa-
hedron. Wrth the discretlzed surface, EquaUon (8) becomes a set of Nequatlons (N
ts the number of discretizatlon nodes) of lnderc t of the t1rye:

? (# ^')=? ($ q'') - anu'� (e)
where Ag and Bg are elements of matrtces whlch correspond numerlcally to the

(8)
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lntegrals glven ln Equatlon (8). For thts dlscretDed problem. the solutlon ls more
accurate, and stabilrty ts tmprwed, when an ls taken at each node to be the solld
angle under which the flutd ls 'seen' from the partlcular node. The computatlon of
thls soltd angle ls performed at each node and at each tlme step.

To waluate the lntegrals tn Equatton {8} over €rny slngle panel, a transforma-
tlon from cartestan coordtnates to an obllque coordtnate system ((, 4) ts made (see
Flgure l). Then, by assuming a ltnear varlatlon of the potenttal and tts normal de-
rlvatlve over the panel, the followlrqg expresslons can be written for c and do/dn
at any polnt M on the panel ABC.

o{M = [-t,-rl o (A) + (o (E + qo (Q,

#,') = (r - r- 'a fftal. rptal * aff,tcl (lo).

In thls manner, both o and do/dn are contlnuous over the bubble surface and
are expressed as a functton of the values at the nodal polnts whtch deflne the
partlcular panel. Obvlously hlgher order expanslons ln powers of 4 and 4 are
concelvable, and would lmprove accuracy at tJ:e expense of addtuonal analyttcal
and numerical computatlon tlmes. These expanslons were not consldered tn thts
study. The lntroductlon of the obltque coordlnates stgntftcantly reduce the
compledty of the tntegratlons.

The two lntegrals ln Equation (8) can be waluated analytlcally and the re-
sulttng ocpresslons, very long and compllcated warrant a publicatlon on thetr own.
The complete derivations and results can be found ln Perdues and Chahtne et al.e,
and are avallable upon request from the authors. These expresstons are generally
valtd for any panel ABC relative to any node P where P ts not on the panel. When
the field polet P ls on the panel over whlch the lntegratlon ts belng performed, the
lntegrals become slngular and warrant speclal treatment, but can stlll be evaluated
analytlcally. These stngular integrals can be waluated numerlcally, but we have
tnstead selected to obtatn exact analyttcal expresstons.

In order to proceed with the computatton of the bubble dynamlcs several quan-
Utles appeartng tre the above boundary condlttons need to be evaluated at each tlme.
The bubble volume presents no particular dllflcultles, whlle the untt normal vector,
the local surface curvature and the local tangenttal velocity at the bubble tnterface
need further dwelopment. The curvature of the bubble surface ts obtatned by flrst
computtng a local bubble surface three-dtmenslonal ftt, J(x,y,zl = O. The unit
normal at a node can then be expressed as:

n=tVJ l lVJ l (t  t ; .
The appropriate slgn ls chosen to lnsure that the normal ls ahvays dlrected toward
the fluld. The local curvature ts then computed by

C = V ' n (12).
To obtaln the total fluid velocity at any potnt on the surface of the bubble, the

tangenttal veloclty, V1, rrust be computed at each node ln addltton to the normal
veloclt5r, do/An. Thts ls also done ustng a local surface fit to 61= glx,g,zl. Talidng
the gradtent of thls functlon at the parttcular node ln questlon and elimlnating any
normal component of velocity appearing fn thts gradtent gtves a good appro:dma-
tton for the tangentlal veloctty. Practlcally, a second degree equatlon for the local
surface around node N at tlme t was selected. For tnstance, for an equation such
€ts:

Q1z2 + azz+ q31!2 + qA+ qfz + qx+a7 -O (13)

seven parameters 6tl have to be determlned to obtatn the local surface flt equatlon.
Thls was obtatned by ustng the coordtnates of the node of tnterest, N, and slx
selected nodes around lt and solvtrg the resulttng set of 7x7 llnear equatlons. The
slx extra nodes were selected randomly from a matrlx assoclatlng to each node all
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the nodes located on the two tmmediate rows of nodes surroundrng it. A random
number generatireg function was used to select the stx needed nodes. In order to
reduce errors, the procedure was repeated at least {lve times, elimlnatlng choices
that produced a singular or degenerated system of llreear equatlons. The results
were then averaged using the five answers. A slmtlar approach was used to generate
the functlort gtx,y,z) at each node Nand tlme t OnceJand g Ne determtned, the
sought variables, C, n and Vo are determlned ustng the analytlcal erpresstons (11)
and (12), and the followtng expression for V1:

V t=  VOtxn (14) .

Wfth the problem inttlalized and the veloclty potential known over the surface of
the bubble, an updated value of da/dn can be obtalned by performlng the tntegra-
tlons outltned above and solving the coresponding matrix equatlon. The unsteady
Bemoullt equatlon can then be used to solve for Dfr/ Dt, the total materlal derlva-
tlve of c, (ustng Vs= Vo),

(15).

Dr/ Dt provldes the time variations of o at any node whtch ls followed durlng lts
motlon wlth the fluid. Using an approprlate ttmestep all values of o on the bubble
surface can be updated using 4 at the precedtng ttme step ard Dr/DL

From our experience, the best cholce was based on the ratto between the
mlrrtmum size of panel sides, Imin, and the madmum node velocity, Vmox:

dt = Imh/Vmax (16)
Thts choice has tJ:e great advantage of constantly adaptlrg the ttmestep, by reflnfng
It at the end of the collapse, and tncreastng tt durtqg the slow bubble s|ze varlatlon
period. An additional advantage is the prwentlon of surface 'foldlng' tn the latest
phases of the collapse and instability enhancement. New coordtnate positions of
the nodes can then be obtaared uslng the posltton of the previous time step and the
dlsplacement do/En.n+ Vt.Gt where G1 ls the unit tangent vector, et=Yt/ lvtl .
Thts ttme stepprng procedure ts repeated throughout the bubble growth and collapse,
resulttng tn a fairly complete shape htstory of the bubble.

The maJor emphasis of this paper ls on the growth and collapse of a bubble near
an tnfintte flat rlgid boundary. The algorlthm ls, however, capable of handltng the
bubble lnteraction with nearly any structure geometry. For the lnftntte flat plate,
an lmage bubble ts added to satisff the boundary condition (4). Thus, the tntegra-
tlons must be carried out over two tdentlcal bubble shapes, though the symmetry
between them allows for some signtflcant reductlon ln calculatfons and computa-
tion tlmes. For other cases, the adJacent structure ls discrettzed as well and the
lntegratlons are performed over all boundarles with solutions obtalned for all
nodes (see examples tn Chahine et al.e).

COMPIITATIONAL RESIJLTS AND DISCUSSION
Before considering the complex cases of lnterest to thls study the numerlcal

code was tested against edsting numerlcal codes in the literature which are rela-
ttvely simple. The collapse of a spherical bubble has been errtenslvely studted, and
an_-exact' anal5rtical-numerical solutton exlsts by numerlcal lntegratton of the
well-known second degree differential equailon: the Rayleigh-plesset equatton. In
Flgure 2, we compare the results of the present numerlcal code wlth the 'exact' solu-
tlon for lncreased degrees of mesh refinement, or dlscretization frequency. Only the
Ilrst frequency discretlzation (12 nodes) shows a stgnificant errol on the UuUUte
pertod (more than 7 percent). The second frequency (42 nodes) and thlrd frequency
(92 nodes) show etrors of 1.8 and O.6 percent respecttvely, while frequencles foui
(162 nodes) and flve (252 nodes) show e*ors less than O.14 percent and O.O5 percent
respectively. The four frequency discrettzation was selected for most of the mns
shown below.
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The second series of comparisons was made with the prevtously studled a:d-
q;mmetric cases avatlable tn the open literature, and have shown, as described be-
low, dlfferences wtth these studies of the order of O.l percent on the bubble pertod.
Flnally, comparlson wtth actual test results of the complex three-dlmenstonal case
presented here, Figure 8, shows strikfngly simllar complex bubble shapes wlth a
systematlc error of 12 percent on the tlmes whtch was proven to be related to the
bubble period lengthening lnfluence of the contalner walls on the experlmental
results (see Chahine et al.e).

Ftgure 3 shows the results of an actsymmetrtc case of bubble growth and col-
lapse computed ustng the above descrtbed algorithm. It shows some general 3-D
shapes and bubble proliles deptcttng the growth and collapse ln a gravlty fteld near
an tnftnttehorizontal plate abovethe bubble at a standoffratio of L/Rmar( = 1.5O,
where L is the perpendtcular distance from the lnittal bubble center to the plate.
Here, the lnttial sphertcal bubble was dlscretaod ustng 162 nodes resultlqg tn 32O
trtangular panels. All coordinates have been normalDed by Rmax = 17cm. The
figure shows how the bubble grows nearly spherlcally, then, durlng the collapse
phase, flattens on the slde which is oppostte to the plate and forms a reentrantJet Xe
a dtrectlon perpendicular to the plate. Note that for thts case, the plate ls located
directly above the bubble, so both the buoyancy effects and the effects of the nearby
boundary are ln the same directlon, vertlcally upward. The total perlod of the
bubble, scaled by,the Rayleigh ilme, R^"*/{W was about 2.084. p ts the dtf-
lerence between the ambient pressure and the mtnlmum bubble pressure. Thts
agrees very well wlth the bubble period glven by Blake, et al.7 who report a value of
approxtmately 2.097 for a sirhtlar case computed ln the absence of gravlty with
thetr axisymmetric scheme and a larger number of panels. The madmum veloclty
attatned by the Jet ln thts simulation was I I.L,|W. Thts, too, compares very well



LzAHAX - 1.50

{-t {-t t-I r.t l.r

RADIAL COOROINATE

t94

wlth the results of other studies.
Flgures 4 and 5 show fully the three-dtmenslonal bubble growth and collapse

when the tnfintte plate was moved to a vertlcal posltton adJacent to the bubble. The
two cases were ran when the plate was at standoff ratlos of L/R -t = 1.5O, and l.OO.
Wfth gravlty actlng vertically downward, the two compettrg forces (gravtty. pre-

sence of plate) are perpendlcular, rather than parallel to each other. T'he same
tnttlal dlscretDatlon ls used.

Both of these flgures show very clearly the formatlon of the reentrant Jet
movtng at an angle upward toward the plate. Glven that the two competlrqg forces no
longer act along the same line, one would e:pect that the Jet would form ln some
resulUng dtrection depending on the proxfmfty of the plate. Comparlson of the two
Ilgures shows that tndeed this ls the case. In Flggure 4, where the bubble fs hitlally
closer to the plate, the reentrant Jet appears to act along a ltne that ls more nearly
perpendtcular to the plate. In Ftgure 4, the angle of the.reentrantJet ls more acute
and theJet penetrates the bubble and touches the other slde at a potnt much closer to
the top of the bubble than for the bubble tn Flgure 5. Also one notlces that, durtng
the collaps€, once theJet has touched the other slde of the bubble, the bubble retatns
a larger volume for the case where the plate ls closer. This has been demonstrated
fr the acrsymmetric models and ls very evldent here as well. It ts also apparent
from the flgures that the bubble growth ls an tmportant conslderatlon. Devlatlon
from sphericity, for lnstance, at ma:dmum bubble stze is observed and ls larger
when the bubble is tnittally closer to the plate. Bubble periods are notlceably
changed by the wall configuration relatlve to gravlty. Placlng the boundary vertt-
cally rather than horizontally results tn an lncreased normalDed perlod from
2.Oa4 to 2.l0l. Movlng the bubble closer to the wall lengthens the perlod sttll more.
Thls ls consistent with the known lengthenlng effect of the boundary and the
reducUon tn period caused by the buoyancy force.
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FTGUR€ 5  
-  RCLAT|YE EFFECTS Of  CRAV|TY FORC€ AXD

PLATC M€SEf ,CE ON R€€X'RAXT JET ANCTE

INFLUCiCE OF CRAVITY fORCE A{D FLAT
PLATE PRESCNCE OX R€EiTRANT JEI  SP€€D

Fi$ures 6 and 7 summarDe the results of a serles of runs where the plate angle
relative to gravity field and the plate standoff dtstance to the center of explosion
have been varied. Figure 6 shows the deviatton angle from the normal to the plate,
B, versus the angle a between the plate normal and the vertical a:ds. The set of
cuwes ln the figure is for various values of Ir L/Rmax . When L is very small, wall
effect ls predominant and the Jet is practically normal to the plate, F= o. p
lncreases with L and attains a maximum when [- goes to fnfinrty. In that case,
$ravity forces are predominant and the reentrant 1et is vertical directed upward
independent of the plate angle a. However, with our definitions of a and A the limit
value of p depends on a as follows:
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(r7)
For lntermediate values of C the devtatlon angle from normal lncreases wlth a

to attaln a ma:dmum for values of a between 90" and 135". Thls result should not be
generalDed and ls probably dependent on a Froude number based on the mildmum
bubble slze, its period (or energr of the exploston) and the acceleratlon of gravlty.
The curves show a skewness toward htgher a!s, whlch re{lects the fact that for c > 4Oo,
both gravity and plate presence act in the same direcUon, while for a < 9Oo, these two
forces act tn opposite directions. (Note that a = Oo corresponds to a horlzontal plate
below the explosion center while c = l8O" corresponds to a hortzontal plate above
the ocplosion center).

Ftgure 7 shows the inlluence of gravity and the proximity of the flat plate on the
reentrantJet speed. Several important observattons can be made form thts llgure.

a. TheJet speed lncreases with dlstance from the plate.
b. TheJet speed ts hlgher when buoyancy forces and the plate presence do not
act tn the same direcUon.
c. The lnfluence of plate angle on the Jet speed ls negliglble both for very large
and small values of t.
d" The lnlluence of a on theJet speed ts the sharpest for L--1.5, llmlt value for
which theJet direction changes sides for a = 18O".
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Ftgure 8 shows the tnteractlon between an unsteady bubble and an axlsym-
metrlc ftntte-slze body. The center of the submeqged body was placed at the same
depth as the hrfial center of the bubble and at a dlstance to the adsymmetrtc body
of 1.O mildmum bubble radlt. Gravity was also lncluded, so the two forces (buoy-
ancy and body attractton) were actlng perpendlcularly to each other. The param-
eters for thls case were chosen to match the experlmental case shown rn Ffure 5 ln
Snay, Goertner and Pricell. The computed bubble shapes closely resembles those
actually recorded ln the small scale underwater explosion test. A poruon of the
bubble ls seen to adhere to the nearby body whtle the rematnder behaves as tf only
gravtty ts the tnfluenct4g factor. The one maJor dtscrepancy between the numerlcal
and ercpertmental results ls the perlod of the gro$/th and collapse of the bubble. The
measured perlod ts about 12 percent longer than the computed bubble pertod. Thts
dffference ls matnty due to the fact that the ogerlments were conducted ln a flntte
slze cylrndrlcal tank (dtameter three tlmes the ma:dmum bubble dtameter). The
presence of the tank walls was shown by the numerical slmulatlons to have a
lengthenlng effect of the same order of magnrtude on an othern'lse lsolated bubble.

Thls study ls presently berr4l extended to more accurately descrtbe the latest
phase of the bubble collapse when the reentrantJet approaches the oppostte stde of
the bubble. Numerical lnstabilities occur ln that last phase and can 

-UL 
reduced by

smoothlrqg technlques. Simllarly, the pressures generated on the nearby plate
become unsteady and need to be more acrurately determtned.
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FIGTJRE CAPTIONS

Normalized oblique coordtrates (, 4 on panel ABC.
Influence of mesh refinement on accuracy. Compartson of normalDed
spherical bubble radius versus normallzed ttme for varlous discretlza-
tion frequencles: J= t (92 nodesl, J= 2 @2n1, J= 3 (92n),Jt= 4 (l62nl, J
= 5 (252n). Also shown ls the percent error on the bubble perid.
Axisymmetrtc bubble growth and collapse. L/Rrr** = 1.5O, R^or/&:17,
Psr/Pa =l5OO. Normalizing Rayletgh tlme = O.Ol453 sec. Rnrox = O.l7m,

Pamb= 2O psi.
3a. Discrettzed surface shapes
3b Bubble proflles

Three-dimenslonal bubble growth and collapse, L/R^ox = 1.5O, R^o*/&
= 17, Psr/Pa = 15OO. Normalzrng Raylergh tlme = O.O1453 sec. Vertlcal

wall .
Three-dimenslonal bubble growth and collapse, L/Rrr-* = l.OO, R^"r/&
=L7,Psr/Pa =l5OO. Normallzlng Raylelgh tlme = O.Ot453 sec. Verttcal

wall .
Relative effects of gravity force and plate presence on re-entrantJet angle.
Inlluence of gravity force and flat plate presence on re-entrantJet speed.
Bubble collapse near ardsymmetrtc body 4-frequency discretlzatlon.


