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ABSTRACT 

We present in this paper a two-way coupled Eulerian-Lagrangian model to study the dynamics of 

clouds of microbubbles subjected to pressure variations and the resulting pressures on a nearby rigid 

wall. The model simulates the two-phase medium as a continuum and solves the Navier-Stokes 

equations using Eulerian grids with a time and space varying density. The microbubbles are modeled 

as interacting singularities representing moving and oscillating spherical bubbles, following a 

modified Rayleigh-Plesset-Keller-Herring equation and are tracked in a Lagrangian fashion. A two-

way coupling between the Euler and Lagrange components is realized through the local mixture 

density determined by the bubbles’ volume change and motion. Using this numerical framework, 

simulations involving a large number of bubbles were conducted under driving pressures at different 

frequencies. The results show that the frequency of the driving pressure is critical in determining the 

overall dynamics:  either a collective strongly coupled cluster behavior or non-synchronized weaker 

multiple bubble oscillations. The former creates extremely high pressures with peak values orders of 

magnitudes higher than that of the excitation pressure. This occurs when the driving frequency 

matches the natural frequency of the bubble cloud. The initial distance between the bubble cloud and 

the wall also affects significantly the resulting pressures. A bubble cloud collapsing very close to the 

wall exhibits a cascading collapse, with the bubbles farthest from the wall collapsing first and the 

nearest ones collapsing last, thus the energy accumulates and this results in very high pressure peaks 

at the wall. At farther cloud distances from the wall, the bubble cloud collapses quasi-spherically with 

the cloud center collapsing last. 
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INTRODUCTION 
Collapse of clouds of bubbles near boundaries occur in various engineering 

applications such as in ultrasonic surgery [1,2], cavitating jets [3,4], unsteady sheet 

cavities on propeller blades [4-6], etc. Numerical modeling of this problem is 

challenging, since it involves bubble-bubble, bubble-flow, and bubble-wall interactions. 

In addition, the problem involves multi-scale physics ranging from micron-scale 

individual bubbles to meter- scale flow field (e.g., propeller blade). At the scale of the 

cloud, the interaction can be very rich since the bubbles can act in a concerted fashion 

collectively [7-11].  

The Boundary Element Method (BEM) or Direct Numerical Simulation (DNS) which 

can resolve the behavior of individual bubbles provide details at several scales of 

interest with impressive progress reported [e.g. 11-14]. However, due to their 

computational cost, these methods are mostly limited to small scale problems 

addressed for fundamental study purposes, such as developing subgrid relationships for 

larger scale models. For practical applications, two-phase bubbly flows are usually 

modeled using one of several approaches: equivalent homogeneous continuum models, 

Eulerian two-fluid models, or Eulerian-Lagrangian approaches wherein the bubbles are 

treated as discrete particles. Homogeneous models are useful for low void fractions, 

whereas Eulerian-Lagrangian approaches are more appropriate for higher void fractions 

[12-26]. In particular, the recent work by Raju et al. [27] examined a continuum 

homogeneous model [28], an Eulerian multi-component model [29,30], and an Eulerian-
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Lagrangian model by simulating a cloud of small bubbles interacting with a large bubble 

oscillating in a viscous liquid. It was found that, though all the models capture the 

average low-frequency dynamics, the microscale response of the discrete bubbles and 

the resultant high-frequency local fluctuations are only captured by the Eulerian-

Lagrangian solver. This highlights that a discrete bubble modeling approach is essential 

to a better understanding of such a problem since it can resolve the physics down to the 

single bubble scale, while maintaining computation cost affordable to capture the 

overall large scale flow behavior.  

In this paper, we study the dynamics of microbubble clouds exposed to incoming 

pressures and the resulting pressure loads on a nearby rigid wall using a generalized 3D 

two-way coupled Eulerian-Lagrangian model [31,32,33]. The model simulates the two-

phase medium as a continuum and solves the N-S equations with a time and space 

varying density, while it models the microbubbles as interacting singularities: sources 

representing spherical bubbles, which follow a modified Rayleigh-Plesset-Keller-Herring 

equation, and dipoles representing moving spheres which are tracked in a Lagrangian 

fashion. Non-uniformities are accounted for using surface averaged quantities (SAP 

model) for the bubble dynamics, in which flow quantities driving the bubble dynamics 

(pressures, velocities, and their gradients) are obtained through an arithmetic average 

of these mixture properties at the six polar points on a bubble surface.  A two-way 

coupling between the two phases is realized through the local mixture density 

associated with the bubble distribution in the domain, their volume change and their 

motion. 
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The 3D Eulerian-Lagrangian model employed in this study has been extensively 

documented and applied in our previous studies.  These included the investigation of 

the effects of a propeller flow on bubble size distribution in water [34,35], the modeling 

of propeller tip vortex cavitation inception [35,36], simulation of the bubbly flow in a 

bubble augmented propulsor [37-39], bubble entrainment in plunging jets [40] and wave 

propagation in bubbly media [27,31,32,33], etc. In particular, the recent work of Raju et 

al. [27] systematically used the same governing equations as in this study for the mixture 

and the discrete bubbles and studied the effects of the two-way coupling, and compared 

against other methods. Below we provide a summary of the key features of the model.  

 

Two-Phase Flow Model Governing Equations  
 

Continuum Homogeneous Mixture Flow Model 
 

Following the theoretical work on dilute bubbly flows of van Wijngaarden [41,42], 

Commander & Prosperetti [43] and Brennen [44], etc., the overall liquid-gas mixture is 

treated as a continuum homogeneous mixture with its properties varying in space and 

time with the local volume fraction of the gas in the mixture [7,21,27,39,41-44]. The 

mixture density is defined as,  

 1 ,m l g               (1) 

where the subscripts ‘l’ and ‘g’ represent liquid and gas properties respectively while   

is the gas volume fraction.  
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The unsteady Navier-Stokes equations for the homogeneous liquid-gas mixture are 

as follows:    

  0,

,








 




   



m
m

m
m

t

p
t

u

u
uu τ

               (2) 

where p is the mixture pressure [41,42], m  is the mixture density, u  its velocity, and τ  

the stress tensor. The mixture viscosity in τ  is determined in the same way as in 

Equation (1). Other methods of obtaining the effective viscosity of the mixture have 

been used in the literature and are discussed in [43]. Here we select the simplified 

classical formulation of Equation(1). 

 1 .     m l g           (3) 

We underline here that Equations (2) are written for the mixture and not for the 

liquid. A different formulation is available in the literature, e.g. Ferrante & Elghobashi 

[46], Darmana et al. [47] and Shams et al. [48], and applies the Navier Stokes equations 

to the liquid (not the mixture) and, as a result, requires an additional momentum 

exchange term.  Here, a separate computation of the bubble motion and of the drag 

force is conducted.  

  

Bubble Motion and Volume Change 
 

All bubbles in the two-phase mixture are tracked and both their positions and sizes 

are determined as functions of time. The equivalent spherical bubble radius, R(t) of each 

bubbles in the two-phase mixture is obtained using a modified Rayleigh-Plesset-Keller-
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Herring equation [5] which accounts for the surrounding medium compressibility and 

non-uniform pressure field [27,38,49,50]:  

 
2

3
1 (1 )

2 3 4

1 2
1 4 .

enc
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m m

v g m
m m m

R R
RR R

c c

R R d R
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 
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 

   
         

  

u u

 (4) 

In the above, mc  is the local sound speed in the mixture where the bubble is located, 

m  is the medium viscosity,  pv is the liquid vapor pressure, 
0gp is the initial gas pressure 

in the bubble, k is the gas polytropic constant,    is the surface tension, and bu  is the 

bubble center velocity. A pressure term,  
2

/ 4, 
encm bu u  due to the bubble slip 

velocity relative to the liquid is added and the Surface Averaged Pressure (SAP) model 

[49,50] is used to determine the encountered liquid quantities (subscript enc). Penc  and 

uenc are the encountered pressures and velocities in the liquid averaged over the bubble 

surface. This averaging procedure is to account for non-uniform pressures and velocities 

along the bubble surface. The use of Penc results in a major improvement over classical 

models, which use the pressure at the bubble center [49,50].  

The bubble trajectory is obtained using the following equation of bubble motion in 

the liquid flow [27,38,51]: 
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where CL is the bubble lift coefficient [52], ω  is the local vorticity, and CD is the bubble 

drag coefficient [53] defined as a function of the bubble Reynolds number Reb using: 

 0.63 4 1.3824
1 0.197 2.6 10 ,

2
 .

D eb eb
eb

l enc b
eb

l

C R R
R

R
R





   




u u
       (6) 

 

Coupling between Continuum Mixture and Bubble Models  
 

The two-way coupling between the continuum-based model and the discrete bubble 

model is realized by the following procedure [31,32]: 

 The bubble dynamics of the individual bubbles in the flow field are controlled by 

the two-phase medium local properties and gradients. 

 The bubble motion in the flow field is controlled by the liquid flow field  

 The local properties of the mixture, void fractions, and local densities are 

determined by the instantaneous bubble volumes and distributions.   

 The mixture flow field has an evolving space distribution of the mixture density 

and satisfies overall mass and momentum conservation.  

 

Numerical Methodology 
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To solver the above equations and Eulerian-Lagrangian two-way coupled model is 

used.  The homogeneous mixture equations are solved in an Eulerian framework, while 

the bubble dynamics is solved in a Lagrangian fashion.  The following numerical 

procedure is employed:       

The mixture flow Equations (2) are solved using the artificial-compressibility method 

introduced in [55], where a time derivative of the pressure is added to (2) as 

 
1

0,m
m

c

p

t




 


  

 
u       (7) 

where c  is an artificial compressibility factor and  is the pseudo-time. This is used to 

better couple continuity and momentum equations during the solution and to ensure 

through iteration satisfaction of a divergence free velocity field for a pure liquid 

condition (incompressible liquid). c  is selected to obtain converged solutions with a 

good convergence speed. In this study, we have selected c  = 100 for all the simulation 

cases.  

To obtain a time-dependent solution, a Newton iterative procedure where pseudo-

time stepping in   is used at each physical time step t, enables one to satisfy the 

continuity equation. The numerical scheme uses a finite volume formulation. A first-

order Euler implicit difference formula is applied to the time derivatives. The spatial 

differencing of the convective terms uses a flux-difference splitting scheme based on 

Roe’s method [56] and a van Leer’s MUSCL method [57] for obtaining the third-order 

fluxes. A second-order central differencing is used for the viscous terms. The flux 

Jacobians required in an implicit scheme are obtained numerically. The resulting system 
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of algebraic equations is solved using a discretized Newton Relaxation method in which 

symmetric block Gauss-Seidel sub-iterations are performed before the solution is 

updated at each Newton interaction.  

For the Lagrangian bubble model, the bubble motion and its volume variation are 

obtained by integrating Equations (4) and (5) through time with an explicit Runge-Kutta 

fourth-order scheme. The surface average quantities are obtained through an arithmetic 

averaging of the mixture pressures and velocities at the six polar points on a bubble 

surface. The liquid quantities are not readily available and for low void fractions there 

are approximated to be those of the mixture properties. These mixture quantities are 

interpolated from the mixture flow solutions in the neighboring fluid cells. The two-way 

coupling between Eulerian and Lagrangian is achieved through the void fraction, which 

is deduced from the instantaneous bubble sizes and locations. In our previous studies, 

the void fraction was obtained by dividing in each computational cell the total volume of 

the bubbles in the cell by the total cell volume. We have found that scheme not totally 

satisfactory because of the requirement of the presence of many bubbles in each cell 

and mainly because of the non-continuous character of the void fraction across cells 

obtained in this way resulting in difficulties with differentiation [27,37]. To smooth the 

discontinuities and improve stability, we implemented a Gaussian distribution scheme 

to smoothly “spread” each bubble’s volume over a selected radius including over 

neighboring cells. This scheme has been found to significantly increase numerical 

stability and enables the handling of high-void bubbly flow simulations [31,32,33]. This is 

illustrated in Fig. 1. The void fraction is obtained using the following expression: 
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,
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         (8) 

where 
b

jV and 
cell

kV are  the volumes of bubble j and cell k respectively, Ni is the number 

of bubbles which are influence cell i. Ncells is the total number of cells “influenced” by a 

bubble .i,j is the weight factor of the contribution of bubble j to cell i and is provided by 

the Gaussian distribution function: 

2

2

d

2

, 3

1
,

( 2 )

ij

sR

i j

s

v e
R



          (9) 

where dij is the distance between bubble j and cell i, and Rs is the characteristic 

spreading radius (corresponding to the standard deviation in the Gaussian function). 

Since the value of Gaussian function drops to almost zero at four times the standard 

deviation, the actual spreading radius of the bubble volume contribution is 4 Rs. 

PROBLEM SETUP 
As illustrated in Fig. 2  a cloud of bubbles with an overall initial radius, A0, driven by a 

pressure wave, P(t), is simulated. The cloud is composed of small bubbles with the same 

initial radii, rb0. We assume that these bubbles are randomly distributed in a 3D 

spherical domain of radius A0, resulting in a quasi-uniform initial void fraction 

distribution, α0, within the cloud. Similar configurations were used in the past for 

studying the dynamics of spherical bubble clouds/clusters [4,8,11,21] under various 

conditions. Specifically, in this paper, we consider a cloud of bubbles with rb0  = 50 μm, 
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A0 = 1.5 mm and α0 = 5.0 %, which is a typical configuration in cavitation erosion 

problems [4]. Gravity is ignored here for the sake of simplicity. 

As illustrated in the recent work of Chahine et al. [54], the tuning between the cloud 

characteristic frequency and the pressure field frequency is essential to generating very 

high cavitation impulsive loads. When the frequency of the driving pressure wave 

matches the natural frequency of a bubble cloud, a strong collective behaviour occurs 

and creates extremely high pressures with peak values orders of magnitudes higher 

than the imposed excitation pressure. This, however, is not seen when these two 

frequencies do not match. Motivated by this, we consider the behavior of the bubble 

cloud when the surrounding pressure is forced to oscillate between 0.5 atm and 2 atm.  

The dynamics are compared between two frequencies: one matching the natural 

frequency of the cloud, ωcloud, and the other one very different from this frequency. For 

the cases presented here, 10 cloud kHz  . This is obtained according to the definition 

by Brennen [21]:  

1
2 2

20 0 .max
0 02 2 2

0 0 0 .max 0

12 2
1 , with 3 .

1

amb
cloud

b l b amb b

A P

r r P r

 
  

  



   
      

   
    (10) 

where .maxambP = 2 atm is the maximal value of the imposed pressure and   = 0.728 N/m2  

is the surface tension. As summarized below in Table 1, we show below results for a 

frequency of 100 kHz (Case 1) and 10 kHz (Case 2), respectively. That is to say, the 

driving pressure frequency in Case 2 matches the cloud frequency while that in Case 1 

does not. Note, in these two cases, the bubble clouds are considered in an infinite open 
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domain and no wall is in presence.  In Case 3, the presence of the wall right at the 

bottom edge of the cloud (i.e., X = - A0) is considered. 

We discuss below the results for the three simulation cases. The comparative 

discussion between Cases 1 and 2 is mainly to study the effects of the frequency of the 

driving pressure, while that between Cases 2 and 3 is to quantify the effects of the 

presence of the wall. 

Simulation Results & Discussion 
 

Cloud and Bubble Dynamics  
 

Time sequences of the bubbles location and pressures in the cloud at different times 

during the first cloud period are compared in Fig. 3. Cases 1, 2, and 3 are shown in 

columns a, b and c, respectively. The cloud period, T, is defined here as the time period 

between t = 0 and the time when the total bubble volume (i.e., the summation of the 

volume of all the bubbles in the cloud) reaches a minimum. The different images from 

top to bottom in each column correspond to different stages during the first cycle of the 

cloud volume oscillations. The total volume of the bubbles is displayed in Fig. 4. It is 

seen that overall, in all cases, the bubbles in the cloud grow and collapse in a similar way 

response to the driving pressure. However, the cloud behavior is very different and 

strongly dependent on the driving pressure frequency. When the frequency of the 

driving pressure wave does not match the natural frequency of the cloud (Fig. 3a), the 

bubbles only respond weakly by oscillating with small amplitudes. On the contrary, 

when the two frequencies match, the bubbles grow and collapse very violently, as 
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evidenced by the changes of both the bubble sizes and the internal gas pressures seen 

in Fig. 3b and Fig. 3c. As a result, the total gas volume, i.e., the sum of the volumes of all 

bubbles, experiences significantly different temporal variations as shown in Fig. 4. The 

maximum gas volume in the case where no resonance occurs is about half that of the 

latter two cases, while its minimum is about double. In other words, the total gas 

volume sees an excursion in value that is about four times larger when the frequency of 

the driving pressure matches the cloud natural frequency. On the other hand, the cloud 

size, i.e., size of the region where the bubbles are located, does not vary much between 

all three cases. This is shown in Fig. 5, where the cloud radius changes during the first 

cycle by about 2% in Case 1 and by about 5% in Case 2 and Case 3. 

It seems that, in terms of cloud volume variation, wall effects are similar to those of 

a single bubble near a wall. The cloud period is increased by the presence of the wall 

and the maximum volume is slightly reduced, as shown in Fig. 4 and Fig. 5. On the other 

hand, as seen when comparing Fig. 3b and Fig. 3c the presence of a rigid wall 

dramatically alters the order in which bubbles collapse and the amplitude of the 

translation motion of the bubbles. Without a wall (Case 2), the bubble cloud collapses 

quasi spherically with the cloud center collapsing last (Fig. 3b). On the contrary, when 

the bubble cloud collapses close to the wall (Case 3) a cascading effect is observed with 

the bubbles farthest from the wall collapsing first and the ones nearest collapsing last 

(Fig. 3c). Accordingly, during the collapse the gas pressures inside the bubbles far away 

from the wall rise up to high values earlier than those close to the wall. This is evidenced 

by the gas pressure variations shown by the colors in Fig. 3c (with red denoting high 
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values and blue low values). The color change from blue to red occurs progressively 

from the outside edge of the cloud towards the side close to the wall. This is further 

illustrated in Fig. 6, which shows the distribution of the void fraction due to the bubble 

cloud at different instants during the first period of oscillations. Due to the selected 

Gaussian spreading radius of A0 a non-zero value of the void fraction exists here, beyond 

the cloud radius, i.e. approximately between –2A0 and 2A0.   Also due to this large 

spreading radius in this example, the void fraction is not uniform inside the bubble 

cloud.  We notice that the void fraction profiles for Case 3 (wall presence) at different 

times are very asymmetric especially during the collapse. In addition, during the 

collapse, the bubbles move towards the cloud center for Case 2, while they move 

towards the wall in Case 3. The bubbles speed towards the wall increases with time and 

a group motion with a structure similar to the reentrant jet for a single bubble develops. 

This interesting phenomenon is highlighted in Fig. 7, where the iso-surface of α = 5% at t 

= 0.9 T is shown for Case 3. This void fraction iso-surface has a very similar shape to a 

large bubble collapsing near a rigid wall.  
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Bubble Size and Pressure Signals  
 

 In order to further quantify the cascading character of the collapse of the various 

bubbles in the cloud, the temporal variations of the radius of bubbles initially located at 

different positions in the cloud are compared in Fig. 8 for the three cases summarized in 

Table 1. The temporal size variations of three selected bubbles, all on the axis of 

symmetry, i.e., the x axis in above Fig. 2, are plotted: one bubble is initially located at 

the cloud center, x = 0, the second one is initially at a radial distance from the cloud 

center of half the initial cloud radius, x = -A0/2, and the third is initially at the edge of the 

cloud, x = -A0. It is seen that in Case 1 where the cloud and driving frequency do not 

correspond, the primary oscillations of all bubbles are weak and do not affect much the 

overall response to the imposed pressure fluctuations.  Overall all three bubbles follow 

the same trend and reach both their maximum and minimum sizes almost 

simultaneously.  

On the contrary, in Case 2 and Case 3 where the frequency of the driving pressures 

matches the natural frequency of the cloud, the bubbles collapse in a cascading fashion 

reaching their maximum radii each at its turn, and they then all collapse and reach their 

minimum values almost simultaneously. As a result, as seen from the results discussed 

previously, the maximum values of the bubbles inner pressures in these two cases are 

much larger than Case 1.  

The differences between Cases 2 and 3 are consistent with what have been seen in 

the previous section. With the presence of the rigid wall, bubbles away from the wall 
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begin to collapse first while the ones nearest to the wall begin their collapse last. In an 

infinite medium, the edge bubbles start their collapse first and the center bubbles start 

their collapse last. Overall, near the wall the bubbles attain a larger maximum radius, 

except for the bubbles very close to the wall, which are restrained by the wall presence. 

This can be explained by the fact that bubbles collapsing later absorb energy from those 

collapsing earlier and the accumulated energy causes them to overgrow and then 

collapse much faster.  

In addition, Fig. 8c also shows high frequency oscillations of the bubble radii when 

the bubbles approach their maximum size. These high-frequency oscillations are 

amplified by the wall presence and dissipate energy stored in the bubbles. These 

oscillations weaken as the distance of the bubbles in the cloud from the wall increases. 

Correspondingly, as shown in Fig. 9, the pressures in the cloud show very large 

differences between the Case 1 and the latter two cases: Case 2 and Case 3. The 

pressures for the first case have magnitudes very close to that of the driving pressure. 

However, the other two cases result in significantly larger pressure peak values. 

Especially, the peak created by the cloud collapsing near a wall is about an order of 

magnitude higher than the amplitude of the driving pressure. This is very interesting and 

within the expectations based on the above analysis, in particular, from Fig. 8. In Case 1, 

all the bubbles grow slowly and collapse weakly and the growth and collapse phases are 

more or less symmetric, i.e., have nearly the same durations. However, when the 

frequency of the driving pressures matches the natural frequency of the cloud, the 

cascading behavior significantly extends the phase where the total volume of the 
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bubbles in the cloud is increasing.  This causes the total volume to grow much larger 

than in Case 1 (see Fig. 4). On the other hand, the collapse phase is dramatically 

shortened, releasing all the energy previously stored into the field. For example, as seen 

in the bottom plot of  Fig. 8, it takes more than 0.1 ms for the bubble closest to the wall 

to reach its maximum size but only about 0.01ms to collapse to its minimum size, rbmin. 

What is also interesting is that the collapse of this bubble almost catches up with the 

bubbles starting their collapses much earlier, i.e., all reaching rbmin almost 

simultaneously. This increases significantly the amplitude of the pressures generated. 

Fig. 9 also indicates that the pressures created by the cloud collapsing near the wall 

(Case 3), have peaks almost two times larger with a narrower time width than in Case 2. 

This difference could result from the fact that in Case 2 the collapse pressure wave 

propagates in all directions, however, in Case 3 propagation is limited by and 

accumulates on the wall. Another alternative explanation is that a dynamic bubble cloud 

near a rigid wall is equivalent to two identical clouds with a symmetry plane at the same 

location as the rigid wall. Therefore the pressure at the wall is practically doubled. 

 

Wall Effects and Pressure Impacts on the Wall 
 

The previous sections have mainly illustrated the differences between the three test 

cases considered here and summarized in Table 1. As one of the major motivations of 

the current study is to investigate the dynamics of bubble clouds near boundaries, we 

will mainly focus in this section on Case 3 and analyze it further. 
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In the previous section, we have seen from Fig. 8 that the bubbles farthest from the 

wall start their collapse first and the ones nearest start their collapse last due to the 

presence of the wall. This is made further clear in Fig. 10, which plots the bubble size 

variations at seven locations along the axis of symmetry.  

Fig. 11 shows the temporal variations of the axial velocity (x-component) for the 

seven bubbles on the axis of symmetry. The figure demonstrates well the jetting 

phenomenon already seen previously in Fig. 3c and Fig. 7. From Fig. 11, it is seen that 

during the growth phase the bubbles move away from the wall with small velocities of 

magnitudes about 1 m/s. However, during the collapse, the bubbles return very fast 

towards the wall with the center bubble having the largest maximum translation 

velocity of about 10 m/s. The speed then quickly slows down and reverses direction 

(upwards, away from the wall) during the cloud gas volume rebound due to the 

presence of the wall. One important observation is that the translation velocities of the 

bubbles while moving towards the wall are much larger than during the rebound. For 

instance, as seen in Fig. 11, the velocity of the center bubble is around 10 m/s when it 

moves towards the wall, however, it is reduced to about 1 m/s when it rebounds. This 

indicates that in addition to the potential energy released from the bubble collapses 

kinetic energy is created by the jet type flow in the cloud. These combined effects thus 

result in pressure peaks an order of magnitude higher than that of the imposed 

pressure. Fig. 12 shows the pressures measured on the wall at different radial distances 

from the axis. It is seen that the highest pressure at the wall is on the axis of symmetry. 

Off-axis the pressure decays when moving away from the axis. 
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Summary & future work 
 

The dynamics of a cloud of microbubbles subjected to an imposed pressure time 

variation and the resulting pressure loads on a nearby rigid wall are studied using a two-

way coupled Euler-Lagrange model. This two-phase medium is modeled using an 

Eulerian continuum model while the bubbles are considered in a Lagrangian fashion. 

Simulations involving an initially spherical cloud of bubbles were conducted under a 

driving pressure field with two frequencies and with/without the presence of a rigid wall 

near the cloud.  

The results show that the tuning between the cloud characteristic frequency and the 

pressure field frequency is essential to generating very high cavitation impulsive loads. 

When the frequency of the imposed pressure field matches the natural frequency of the 

overall cloud oscillation, a collective strongly coupled cluster behavior occurs, which 

creates very high pressures with peak values an order of magnitude larger than the 

excitation pressure. Otherwise, non-coupled weaker multiple bubble oscillations are 

seen. The presence of a wall is also critical on the resulting pressures. A bubble cloud 

collapsing very close to the wall exhibits a cascading collapse with the bubbles farthest 

away from the wall starting their collapse first and the nearest ones starting their 

collapse last cumulating energy and producing a large pressure peak at the wall. In 

absence of a wall, the bubble cloud collapses quasi spherically with the bubbles at the 

cloud center collapsing last. The presence of the wall results in pressure signals having 

peak values much higher but with a peak time duration narrower than in an infinite 
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medium. In addition, as for a single bubble collapsing near a wall, a jet like motion forms 

towards the wall during the bubble cloud collapse.   

It is also worthy of mention that the configuration of the cloud in this study was 

selected purposely to be spherical and with uniform initial sizes of microbubbles. This 

simplification is to facilitate the analysis and to enable comparison with previous work in 

the literature, which provides an analytical expression for the cloud frequency of 

oscillations [21]. The model as implemented and used is however fully 3D and is not 

configuration limited. It is also suitable for the investigation of non-spherical cloud 

dynamics with poly-dispersed bubble distributions, as seen in our previous studies for 

the  modeling of cavitation on propeller blades using the natural distribution of bubble 

sizes in the water [34, 54]. A two-way coupled simulation of this type of problem using 

the present model will be an interesting extension and the subject of a future separate 

paper. 
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NOMENCLATURE 
 

A0  Initial cloud radius 

A  Instantaneous cloud radius 

AT Instantaneous distance between initial cloud center and the upper edge of 

the cloud 

AB Instantaneous distance between initial cloud center and the lower edge of 

the cloud (near the wall) 

mC   Mixture sound speed on bubble surface  

DC
 
 Drag coefficient 

LC   Lift coefficient 

dij  Distance between points i and j 

k   Polytropic gas constant   

Ox  Axis of symmetry 

p   Pressure  

gp   Gas pressure  

vp   Vapor pressure  

0gp  Initial gas pressure  

R   Bubble radius 

sR   Characteristic spreading radius of Gaussian void fraction scheme  

r  Radial distance from axis of symmetry 

rb  Bubble radius  

rb0  Initial bubble radius  

rbmax Maximum bubble radius  

ebR  Reynolds number 

t   Time  

T  Time period of the cloud 

u   Velocity vector 

x  Axial distance from initial center of the loud 

X Distance between the center of the cloud and the wall 

   Void fraction 

0   Initial void fraction  

c    Artificial compressibility factor 

  Surface tension of liquid  

ω  Vorticity 

ω  Imposed pressure function circular Frequency 

   Density  

m   Density of the mixture  

   Absolute viscosity 

m   Absolute viscosity of the mixture 
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   Pseudo-time 

τ   Stress tensor 

 

 

Subscripts 
0   Initial condition 

,b bubble  Bubble property 

cloud Cloud property 

enc  Bubble encountered mixture property  

, ,i j k  Indices 

g   Gas property 

l   Liquid property 

m   Mixture property 

max Maximum 

min Minimum 
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LIST OF TABLE CAPTIONS 

Table 1: Key parameters of the three study cases shown below. 

 

LIST OF FIGURE CAPTIONS 

Fig. 1: Illustration of the void fraction computation [33]. 

Fig. 2: Schematic of a bubble cloud with an equivalent radius A(t) and distributed 
bubbles of radius rb(t) near a rigid wall. Ox is the axis of symmetry and r is the radial 
distance from the axis of symmetry. The distance between the center of the cloud and 
the wall is X(t). AT(t) and AB(t) indicate the distances between the center of the cloud 
and the top and bottom of the cloud respectively. The cloud is subjected to an 
imposed pressure function at its edge, P(t). 

Fig. 3: Time sequences of bubble locations and pressures in a bubble cloud excited by a 
pressure wave as listed in Table 1: (a) Case 1, (b) Case 2, and (c) Case 3. The bubbles 
are represented by spheres colored by the gas pressure inside each of them. Lengths 
are scaled by bubble radii in the top row corresponding to 50 μm. Velocity vectors are 
represented by arrows. Only velocity vectors larger than 2m/s extend beyond the 
bubble representation and can be seen in the snapshots. The bottom row shows only 
the velocity vectors on the bubbles in each case at t = T. 
 
Fig. 4: Variations of the total volume of all bubbles in the cloud for the 3 cases 
described in Table 1. 

Fig. 5: Variations of the outer cloud size for the 3 cases in Table 1.  AB and AT are the 
distances from the center of the cloud to the top and bottom of the cloud as defined in 
Fig. 2. 

Fig. 6: Void fraction distributions within the cloud at different times during the first 
cycle for Case 2 and Case 3, i.e., without and with a wall, α0 = 5%, ω = 10 kHz. (Note 
that due to the selected Gaussian spreading radius of A0 (see Eq. (9)) a non-zero value 
of the void fraction exists here, beyond the cloud radius, i.e. approximately between –
2 A0 and 2 A0.) 

Fig. 7: Iso-surface of 5% void fraction at t = 0.9 T for Case 3 (presence of a wall). The 
arrows denote the translational velocities of the bubbles located at different locations 
in the cloud. 

Fig. 8: Comparison of the size variation of bubbles at different cloud locations for the 
three different test cases described in Table 1: (Top) ω = 100 kHz, no wall; (Middle) ω = 
10 kHz, no wall and (Bottom) ω = 10 kHz, with wall  

Journal of Fluids Engineering. Received March 12, 2014 
Accepted manuscript posted October 20, 2014. doi:10.1115/1.4028853 
Copyright (c) 2014 by ASME

Acc
ep

te
d 

Man
us

cr
ip

t N
ot

 C
op

ye
di

te
d

Downloaded From: http://fluidsengineering.asmedigitalcollection.asme.org/ on 10/17/2014 Terms of Use: http://asme.org/terms



Submitted to ASME J. Fluids Eng. 

 

FE-14-1128                            Ma                                    13 October 2014                                          Page 31 

 

Fig. 9: Comparison of the pressures at different cloud locations for the three test cases 
described in Table 1: (Top) ω = 100 kHz, no wall; (Middle) ω = 10 kHz, no wall and 
(Bottom) ω = 10 kHz, with wall  

Fig. 10: Size variation of bubbles on the axis of symmetry at seven radial locations in 
the cloud for Case 3 of α0 = 5%, ω = 10 kHz, with wall. The numbers 1 to 7 on each line 
indicate the order in which each bubble starts to collapse. Negative values of x 
correspond to bubble locations in the lower half of the cloud closer to the wall. 

Fig. 11: Variations of the axial (along x in Fig. 2) component of bubble translation 
velocity for bubble on the axis of symmetry at seven radial locations in the cloud for 
Case 3 of α0 = 5%, ω = 10 kHz, with wall. 

Fig. 12: Time evolution of the pressure at different radial locations on the wall for Case 
3 of α0 = 5%, ω = 10 kHz, with wall. 
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Case Pmax(atm) Pmin(atm) ωcloud(kHz) r0(μm) 

(μm) 

A0(mm)  α0 ω(kHz) Wall? 

1 2 0.5 10 50 1.5 5% 100 No 

2 2 0.5 10 50 1.5 5% 10 No 

3 2 0.5 10 50 1.5 5% 10 Yes 

Table 1: Key parameters of the three study cases shown below. 
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Fig. 1: Illustration of the void fraction computation [33]. 

 

 

 

Fig. 2: Schematic of a bubble cloud with an equivalent radius A(t) and distributed 
bubbles of radius rb(t) near a rigid wall. Ox is the axis of symmetry and r is the radial 

distance from the axis of symmetry. The distance between the center of the cloud and 
the wall is X(t). AT(t) and AB(t) indicate the distances between the center of the cloud 

and the top and bottom of the cloud respectively. The cloud is subjected to an 
imposed pressure function at its edge, P(t). 
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Fig. 3: Time sequences of bubble locations and pressures in a bubble cloud excited 
by a pressure wave as listed in Table 1: (a) Case 1, (b) Case 2, and (c) Case 3. The 

bubbles are represented by spheres colored by the gas pressure inside each of them. 
Lengths are scaled by bubble radii in the top row corresponding to 50 μm. Velocity 
vectors are represented by arrows. Only velocity vectors larger than 2m/s extend 

beyond the bubble representation and can be seen in the snapshots. The bottom row 
shows only the velocity vectors on the bubbles in each case at t = T. 

(a) Case 1 (b) Case 2 (c) Case 3

t = 0

t = 0.5 T

t = 0.9 T

t = 1.0 T
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Fig. 4: Variations of the total volume of all bubbles in the cloud for the 3 cases 
described in Table 1. 

 

 

Fig. 5: Variations of the outer cloud size for the 3 cases in Table 1.  AB and AT are the 
distances from the center of the cloud to the top and bottom of the cloud as defined in 

Fig. 2. 
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Fig. 6: Void fraction distributions within the cloud at different times during the first 
cycle for Case 2 and Case 3, i.e., without and with a wall, α0 = 5%, ω = 10 kHz. (Note 

that due to the selected Gaussian spreading radius of A0 (see Eq. (9)) a non-zero value 
of the void fraction exists here, beyond the cloud radius, i.e. approximately between –

2 A0 and 2 A0.) 

 

Fig. 7: Iso-surface of 5% void fraction at t = 0.9 T for Case 3 (presence of a wall). The 
arrows denote the translational velocities of the bubbles located at different locations 

in the cloud. 
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(a)  

(b)  

(c)  

Fig. 8: Comparison of the size variation of bubbles at different cloud locations for the 
three different test cases described in Table 1: (Top) ω = 100 kHz, no wall; (Middle) ω = 

10 kHz, no wall and (Bottom) ω = 10 kHz, with wall  
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(a)   

(b)   

(c)   

Fig. 9: Comparison of the pressures at different cloud locations for the three test cases 
described in Table 1: (Top) ω = 100 kHz, no wall; (Middle) ω = 10 kHz, no wall and 

(Bottom) ω = 10 kHz, with wall  
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Fig. 10: Size variation of bubbles on the axis of symmetry at seven radial locations in 
the cloud for Case 3 of α0 = 5%, ω = 10 kHz, with wall. The numbers 1 to 7 on each line 

indicate the order in which each bubble starts to collapse. Negative values of x 
correspond to bubble locations in the lower half of the cloud closer to the wall. 

  

Fig. 11: Variations of the axial (along x in Fig. 2) component of bubble translation 
velocity for bubble on the axis of symmetry at seven radial locations in the cloud for 

Case 3 of α0 = 5%, ω = 10 kHz, with wall. 
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Fig. 12: Time evolution of the pressure at different radial locations on the wall for Case 
3 of α0 = 5%, ω = 10 kHz, with wall. 
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