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ABSTRACT 
Augmenting the thrust of a waterjet through bubble 
injection has been a subject of interest for many years, 
particularly for the purpose of boosting thrust 
temporarily, as in the case of planning hulls or semi-
planning ships to overcome the hump speed. In our 
previous work using a divergent-convergent 3D nozzle, 
we have shown that net thrust augmentation increases 
with the injected air volume fraction, and we were able 
to measure up to 70% augmentation for a void fraction 
of 50%. As the void fraction in the bubbly mixture 
increases the speed of sound drops significantly and the 
mixture velocity could drop below the speed of sound 
leading to a need to investigate choked or supersonic 
mixture flow in the nozzle. 

In the present study, a convergent-divergent 
nozzle was designed, built, and tested to investigate 
experimentally if choked flow in the nozzle can actually 
be reached at high void fractions and to measure thrust 
gain for choked supersonic conditions. In parallel, a 
numerical study was conducted for the new nozzle 
geometry using an Eulerian-Lagrangian two-way 
coupled approach. The numerical predictions recovered 
observed unsteady clustering and stratification of bubble 
clouds in the nozzle weakly divergent section.  
 
INTRODUCTION 
 
Unlike traditional propulsion devices which are 
typically limited to less than 50 knots, the bubble 
augmented propulsion concept promises thrust 
augmentation even at very high vehicle speeds (e.g. Mor 
and Gany, 2004)). Analytical, numerical, and 
experimental evidence (Tangren et al., 1949, Muir and 
Eichhorn, 1963, Ishii et al., 1993, Kameda and 
Matsumoto, 1995, Wang and Brennen, 1998, Preston et 
al., 2000, Albagli and Gany, 2003, Mor and Gany, 2004, 
Chahine et al., 2008, Wu et al., 2010, 2012a, 2012b, 
Gany and Gofer, 2011) showing that bubble injection 
can significantly improve the net thrust of a water jet 
make the idea of bubble augmented thrust attractive.  

In recent experimental studies using 2D and 3D 
divergent-convergent nozzles, we reported as high as 

70% increase of net thrust augmentation over a water 
only jet (Wu et al., 2010, 2012a, 2012b, Singh et al., 
2012). These were achieved with injected air volume 
fractions in the range of 50%. It is well known that, with 
increased void fraction, the speed of sound in the bubbly 
mixture decreases substantially and could be as low as 
20 m/s (Brennen, 1995). In this case local mixture flow 
velocities can exceed the speed of sound in the medium, 
resulting in supersonic flow and choked conditions. 
Existing fundamental two-phase flow studies (e.g. Singh 
et al., 2014, Mor & Gany, 2004) indicate that higher 
thrusts could be achieved if flow conditions with 
choking in the nozzle could be realized. This led us to 
investigate a nozzle configuration, which may generate 
a choked flow. 

In this paper, we present the two-phase flow 
nozzle we designed and built, and summarize 
experimental studies conducted to date with this nozzle. 
In parallel to the experimental study, we have also 
extended our 3D two-phase flow numerical method, 
3DYNAFS©, to handle higher void fractions and enable 
simulations at conditions approaching the choked flow. 
 
NUMERICAL METHODS 
 
In this study, we model the bubbly mixture flow inside 
the nozzle by coupling Lagrangian tracking of 
individual bubbles and Eulerian solution of the 
continuum mixture flow. The bubble dynamic 
oscillations are in response to the variations of the 
mixture flow field variables, and the flow field depends 
directly on the time dependent bubble size and 
distribution in the field. The unsteady 3D modeling is 
realized by coupling the Navier-Stokes solver 

3DYNAFS_VIS© with the bubble dynamics and tracking 
solver 3DYNAFS_DSM©. Applications of this approach 
with validations were presented in Hsiao & Chahine 
(2001, 2002, 2004a, 2004b, 2005), Chahine et al. (2008), 
and Wu et al. (2010). A recent improvement was to use 
a Gaussian distribution to represent the discrete bubbles 
in the Eulerian description of the density (Ma et al., 
2014, Hsiao et al., 2014). 
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The bubbly mixture is treated as a continuum 
and satisfies the following continuity and momentum 
equations: 
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where m , mu , mp  are the mixture density, velocity, 

and pressure respectively, the subscript m represents the 
mixture medium, and g is the gravity body force.  

The mixture density and the mixture viscosity 
can be expressed as  
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where  is the local void fraction, defined as the local 
volume occupied by the bubbles per unit mixture 

volume.  The subscript   represents the liquid and the 
subscript g represents the bubbles. The continuum flow 
field has a space and time dependent density similar to a 
compressible liquid. 

The bubble dynamics is solved using the 
following Keller-Herring equation that includes the 
effect of the surrounding medium compressibility with 
a Surface-Averaged Pressure (SAP) scheme (Chahine, 
2009): 
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In the above equations, R is the bubble radius at time t, 
R0 is the initial bubble radius,   is the surface tension 
parameter, pv is the liquid vapor pressure, pg0 is the 
initial gas pressure inside the bubble, and k is the 
polytropic compression law constant. uenc is the bubble 
surface averaged mixture velocity at the bubble location, 
ub is the bubble travel velocity, and Penc is the bubble 
surface averaged pressure “seen” by the bubble during 
its travel, and cm is the local speed of sound in the bubbly 
mixture.   

The bubble trajectory is obtained from a bubble 
motion equation similar to that derived by Johnson and 
Hsieh (1966): 
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The right hand side of Equation (4) is 

composed of various forces acting on the bubble. The 
first term accounts for the drag force, where the drag 
coefficient CD is determined by the empirical equation 
of Haberman and Morton (1953). The second and third 
term in Equation (4) account for the effect of change in 
added mass on the bubble trajectory. The fourth term 
accounts for the effect of the medium pressure gradient, 
and the fifth term accounts for the effect of gravity. The 
last term in Equation (4) is the Saffman (1965) lift force 
due to shear as generalized by Li & Ahmadi (1992). The 
coefficient CL is 2.594,  is the kinematic viscosity, and 
dij is the deformation tensor. 

In the present study, the 1D steady state version 
of the above approach (Chahine et al., 2008, Singh et al., 
2012) was also used for design studies. In addition, an 
analytical 0D model was used to optimize the nozzle 
geometry for maximum thrust enhancement (Singh et 
al., 2012). This approach further simplifies the equations 
and only requires knowledge of the areas at the inlet, the 
outlet and the injection section, as well as the pressure 
and velocity jumps at the injection location. The 0D 
model was extended to choked flow conditions, where 
the void fraction at the throat, throat , can be solved from 

the following relations (Singh et al., 2012, 2014):  
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where the subscript ref means the quantities at the 
reference location, and Athroat is the throat area. In our 
analysis, the reference location is taken immediately 
downstream of the air injection.  

Once the throat void fraction is obtained by 
solving (5), the velocity, void fraction, and pressure at 
any location downstream of the air injection can be 
obtained from the continuity equation and the 
momentum equation. Once these flow quantities are 
known, the thrust for the geometry under choked 
conditions can be computed. Detail equations and 
procedure are described in Singh et al. (2014).   
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THRUST AUGMENTATION INDICES 
 
Depending on the thrust generating nozzle application 
type, one of two definitions for thrust can be used 
(Chahine et al., 2008, Wu et al. 2010). For ramjet type 
propulsion, the thrust of the nozzle is computed as: 
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where mu  is the axial component of the mixture 

velocity, and the surface integration is taken over a 
control surface, A, that encompasses both the inlet and 
the outlet.  

For waterjet type applications, the thrust of the 
nozzle is computed using 
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where oA  is the exit surface area of the nozzle.    

To evaluate the performance of a nozzle design 
with air injection, we define  as a relative thrust 

augmentation index as follows: 
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in which ,iT   and iT are thrusts with bubble injection at 

void fraction  and without injection. 
We can also define a momentum thrust 

augmentation index, m , as the net thrust increase with 

bubble injection normalized by the inlet momentum 

flux, 2
m inlet

T Au , as following: 

 

,R R
m

m

T T

T



 .       (9) 

 
NOZZLE DESIGN STUDY 
 
In order to design a nozzle having the potential to 
generate mixture flow choking at the throat, we use first 
the analytic 0D method. This method depends only on 
the ratios of the cross sectional areas of the throat over 
the inlet section, Athroat/Ainlet ,  and that of the exit area 
over the inlet area, Aexit/Ainlet (Singh et al., 2014). In the 
approach we search for the maximum of m  varying the 

contraction ratios: Athroat/Ainlet and Aexit/Ainlet for a given 
inlet pressure and injection area over inlet area ratio. 
This optimization study resulted in the optimal 
contraction ratios shown in Table 1 (Singh et al., 2014) 
for Pinlet = 5 atm, which are dependent on the void 
fraction. The corresponding thrust momentum gain 
indices are much higher (0.81 – 1.69) than those 
obtained with the subsonic nozzles (~ 0.45).  

 

 Athroat /Ainlet Aexit /Ainlet m 

0.2 1.7 10 0.81 
0.4 2.3 10 1.21 
0.6 1.6 3.3 1.69 

 
Table 1: Optimum geometric ratios for different injection void 
fractions under choked conditions. Inlet pressure = 507 kPa 
(74 psi), injection area ratio Ainjection/Ainlet = 3.4. 

 
The exit area resulting for the design in Table 

1 is too large for practical implementation and would 
results in flow separation unless the length of the 
expansion is too large.  Therefore, this was relaxed and 
the effect of exit area was studied further. Figure 1 
shows the momentum thrust gain index, m, versus the 
nozzle inlet pressures for three non-optimal fixed exit 
area ratios Aexit/Ainlet. This shows a large effect of the 
selected exit area on the optimum thrust gain when the 
inlet pressure is lower than 304 kPa (44 psi), while the 
effect of exit area is small for higher inlet pressures. 
Thus, for high inlet pressures we can reduce the exit area 
ratio Aexit/Ainlet without sacrificing the maximum 
attainable thrust gain too much.  
 

 
Figure 1: Influence of the exit area on the momentum thrust 
index, m, for different inlet pressures. Injection void fraction 
= 0.6. Injection area ratio Ainjection/Ainlet = 3.4.     
 

Before proceeding with the design, the effect of 
the inlet pressure on the thrust gain was reexamined. 
Figure 2 shows how the momentum thrust gain index 
changes with respect to the void fraction for different 
inlet pressures for a fixed injection area ratio 
Ainjection/Ainlet = 3.4. Note that each point on the curves 
represents a different optimum nozzle for that condition. 
m clearly increases with both the void fraction  and the 
inlet pressure but appears to be more sensitive to the void 
fraction changes than the inlet pressure changes. For 
instance, m, increases by 74% when the void fraction 
changes from 0.4 to 0.6, while it increases only 24% for 
 = 0.6 when the inlet pressure changes from 304 kPa 
(44 psi) to 507 kPa (74 psi). 

Figure 3 shows the inlet velocity required to 
achieve choked flow conditions corresponding to each 
optimal nozzle geometry in Figure 2. Choked flow 
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condition can be achieved with slower inlet velocities 
when achieving higher void fraction at injection. 
Considering the available pumps in the facility 
(described later), we aimed for an inlet velocity of about 
25 m/s, an inlet pressure of about 300 kPa (44 psi), and 
injection void fractions  in the 50% range. We aimed at 
achieving a m of about 1.0 with the new choked flow 
nozzle, which is more than twice m ~ 0.45 which we 
could achieve with subsonic mixture flow nozzles. 

 

 
Figure 2: The momentum thrust gain index m vs. the injection 
void fraction  for different inlet pressures. Injection area ratio 
Ainjection/Ainlet = 3.4. 
 

 

 
 
Figure 3: Inlet velocity Uinlet required for a choked flow 
condition vs. void fraction  at injection for the optimum 
nozzle geometries of Figure 2 at different inlet pressures. 
Injection area ratio Ainjection/Ainlet = 3.4. 
 

Another design consideration was to maintain 
the supersonic flow in the entire divergent section after 
we achieve choked condition at the throat. Such a flow 
condition will result in large momentum gain at the exit, 
and such flow condition was implicitly assumed in the 
above thrust calculations. In general compressible flows 
in a convergent-divergent nozzle, this condition is called 
under-expansion, which occurs when the pressure just 
before the exit is higher than the ambient pressure 
outside the exit. Under this condition, the expansion 
shock waves will be located outside the nozzle and not 
inside the divergent part of the nozzle. This design also 

provides better chances of observing supersonic flow as 
such condition will exist along the whole length of the 
diverging section of the nozzle. 

Starting from the optimization results in Table 
1, the throat area was selected in the optimum design 
value range, Athroat/Ainlet = 1.7, however the exit area was 
Aexit/Ainlet = 2.9. These two area ratios need to be adjusted 
further to guarantee the under-expansion condition in the 
divergent section.  
 

       
Figure 4: The predicted exit pressure of the optimum 
geometry when the throat area ratio Athroat/Ainlet is varied while 
Aexit/Ainlet is kept at 2.9. 

     

 
Figure 5: The predicted exit pressure of the optimum 
geometry when the exit area ratio Aexit/Ainlet is varied while 
Athroat/Ainlet is kept at 1.7. 

 
The throat area was varied first, and the 

resulting exit pressure was monitored. Figure 4 shows 
the influence of the throat area on the exit pressure when 
Aexit/Ainlet = 2.9. Athroat/Ainlet > 1.8 would achieve the 
under-expanded flow in the divergent section of the 
nozzle. Next, the throat area was fixed at Athroat/Ainlet = 
1.7, and the exit area was varied. The results are shown 
in Figure 5. The under-expansion condition can be 
achieved for the exit area ratio Aexit/Ainlet < 2.7. It shows 
that the exit area must be smaller than 150% of the throat 
area for the current nozzle design in order to achieve the 
under-expanded flow in the divergent section. The area 
ratios of the nozzle were determined to be Athroat/Ainlet = 
1.3 and Aexit/Ainlet =1.6. The throat area ratio was slightly 
smaller than the above optimum in order to be on the 
safer side of achieving the choked condition. The exit 
area ratio was only 23% larger than the throat area to 
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guarantee the under-expansion condition and to avoid 
the risk of flow separation in the divergent section. 

The final design of the choked flow nozzle was 
selected as shown in Table 2. Based on the already 
determined area ratios, the inlet radius is determined to 
be as large as possible for better visualization and 
measurements within the limitations of the available 
high flow rate pump such that it can still supply enough 
inlet velocity and inlet pressure needed for the mixture 
flow at the throat to reach the choked condition. Figure 
6 shows the final geometry of the bubble augmented 
propulsion nozzle. 

 
0 0.5 

pinlet 350 kPa (3.5 atm) 

uinlet 14.3 m/s 

Athroat/Ainlet 1.3 

Aexit/Ainlet 1.6 

Rinlet 0.031 m 

m  for choked flow 0.933 

m  for subsonic 0.386 

 
Table 2: Selected geometry of the convergent-divergent 
nozzles for choked flow, operating conditions, and the 
corresponding predicted thrust gain indices.  
 

 
Figure 6: Final design of the bubble augmented propulsor 
nozzle with a throat, which was built and tested. 

 
The predicted flow velocities in the nozzle at 

different injection void fractions are shown in Figure 7. 
In the simulations, the injection void fractions of 0.4, 
0.5, and 0.6 achieved the supersonic flow downstream of 
the throat, while the injection void fractions of 0.2 and 
0.3 remained in the subsonic regime. The velocity 
decreases in the final divergent section downstream of 
the throat for the subsonic flows, but it continues to 
accelerate for the supersonic flows. The predicted 
pressures along the nozzle are shown in Figure 8. 
Downstream of the throat, the pressure increases for the 
subsonic flows, while it decreases for the supersonic 
flows. 

Figure 9 shows the momentum thrust gain 
index, m, as a function of the injection void fraction, , 
for three selected inlet velocities. For the relatively low 
inlet velocity of 11.8 m/s, the flow in the nozzle remains 
subsonic until the void fraction exceeds 50%. Above 
50% the nozzle choked and resulted in a much higher 

thrust gain. For the relatively high inlet velocity of 17.4 
m/s, this transition from subsonic to supersonic flow 
occurs earlier at an injection void fraction of 40%. As 
expected, to achieve a choked flow, one needs a high 
inlet velocity or a high injection void fraction. 

 

 
Figure 7: Predicted axial velocity along the length of the 
nozzle for the bubble augmented propulsor sketched in Figure 
6. The model indicates that injection void fractions of 0.4 and 
larger achieve supersonic flow downstream of the throat, while 
the flow remains subsonic for = 0.2 and 0.3. 
 

 
Figure 8: Predicted pressure along the length of the nozzle for 
the bubble augmented propulsor sketched in Figure 6. 
Injection void fractions of 0.4 and larger achieve supersonic 
flow downstream of the throat, while the inlet void fractions 
of 0.2 and 0.3 remained in subsonic flow. 

 



6 

      
 

Figure 9: Predicted momentum thrust gain index, m, vs. 
injection void fraction,  for three different inlet velocities for 
the bubble augmented propulsor sketched in Figure 6. 
 
 

 
(a) 

 
(b) 

Figure 10: Drawing of the convergent-divergent nozzle: (a) a 
longitudinal cut with the flow direction from right to left, (b) 
cross section at the throat section A-A. 
 

 
 

Figure 11: Picture of the nozzle with pressure measurement 
ports. Flow direction is from left to right. 
 
BUILT NOZZLE 
 
Based on the nozzle design study described in the above 
section, the convergent-divergent section of the 
designed nozzle was fabricated from clear Plexiglas to 
enable good visualization and was equipped with 
pressure ports. To enable high volume rates of air 
injection, a long air injection sections with central 
porous tubes was added upstream of the nozzle.  Figure 
10 shows the dimensions of the nozzle and the pressure 
ports arranged along the nozzle to measure the pressure 
profile during the tests. Figure 11 shows a picture of the 
finished nozzle test section. The pressure ports are 
connected to pressure sensor arrays.   
 
EXPERIMENTAL SETUP  
 
The test setup used in this study is shown in Figure 12. 
The liquid flow was driven by either one or two 15 HP 
pumps (Goulds Model 3656) depending on flow 
conditions. Each pump is capable of a flow rate of  
2.16 m3/min (570 gpm) at 180 kPa (26 psi) or 1.21 
m3/min (320 gpm) at 410 kPa (60 psi). When two pumps 
were used, they could be configured to operate either in 
parallel to boost the flow rate or in series to boost the 
pressure.  

 
 

Figure 12: Sketch of the test setup for the Bubble Augmented 
Propulsion experiment. 
 

Figure 13 shows a flow diagram of the pump 
configuration that allows the two pumps to work in 
parallel or in series, and Figure 14 shows a picture of the 
pump arrangement. In this study, the two pumps were 
configured in series to increase the upstream pressure 
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because achieving high void fraction flows in the 
experimental setup was limited by the pump pressure 
and not by the pump flow rate. 
 

 
 

Figure 13: Flow diagram of the pump configuration with 
multiple valves enabling serial (high pressure) or parallel (high 
flow) operation.  
 

 
 

Figure 14: Picture of the two pumps for liquid flow with 
valves to operate in parallel or in series. 

 
Air injection was achieved by pushing air 

through a bundle of four 24-inch air injectors made of 
DYNAPERM® porous tubes placed along the axis of the 
injection section upstream of the nozzle. Two high 
capacity air compressors were used in parallel to achieve 
the required high void fractions. Each air compressor 
was driven by a 5 HP motor and is rated for 0.72 m3/min 
(25.4 CFM) at 620 kPa (90 psi). 

The nozzle test section was placed 30 cm below 
the free surface in DYNAFLOW’s wind wave tank, which 
was used here as a very large water reservoir, so that 
accumulation of air bubbles generated from the testing 
is minimized. A flow straightening section was used 
between the air injection section and the nozzle inlet. 

Instrumentation was provided for flow rates, 
pressures, and void fractions measurements as described 
in Chahine et al. (2008) and Wu et al. (2010). 
Additionally, a direct momentum force measurement 

scheme was used with a submersible load cell (PCB 
Load & Torque Model 1102-115-03A, up to 200 lbf). 
Figure 15 shows a sketch of the force measurement 
setup, in which a 0.2 m (8 inch) diameter disk was used 
as force plate to capture the momentum force of the jet. 
The force applied to the disk is transferred to the load 
cell through a Teflon slide bearing mounted smooth 
stainless steel pipe.    

 
Figure 15: A sketch of the setup for jet momentum force 
measurement. 
 

 
  

Figure 16: Visualization of the flow inside the nozzle. 
Injection void fraction: (a) α = 0.2%, (b) α = 1.7%, (c) α = 
10%. Liquid flow rate is 0.38 m3/min (100 gpm) for all cases. 
 
FLOW VISUALIZATION  
 
High speed photography was used to visualize the flow 
through the nozzle. Figure 16 shows three pictures of the 
divergent exit section of the nozzle at different void 

(a)
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fractions. The liquid flow rare was 0.38 m3/min (100 
gpm) for all three cases.   

As shown in the pictures, bubbles are a little 
more concentrated at the top of the nozzle due to gravity 
effects.  As the void fraction becomes higher, the bubbly 
mixture fills the nozzle section completely as in the case 
of picture (c). Interestingly, for the higher void fractions 
case as in (b) and (c), clustering of the bubbles into 
organized separated bubble clouds inside the nozzle was 
observed. 

 
PRESSURE PROFILE  
 
Pressure profiles along the nozzle were obtained from 
the pressure measurements at the port locations 
indicated in Figure 17. The port identification numbers 
are also shown in the figure. The port number 2 is at the 
beginning of the convergent section, and port number 14 
is at the throat.     

The measured pressure profiles at 0.38 m3/min 
(100 gpm) liquid flow rate for different void fractions up 
to α = 0.22 is shown in Figure 18. With the increase of 
the amount of air injection, upstream pressure keeps 
increasing while the pressure decreases in the 
convergent section toward the throat. Downstream of the 
throat, the pressure increases and recovers to the ambient 
pressure at the exit. However, this recovery of the 
pressure in the diverging section gradually disappears as 
the void fraction increases. The trend even reversed 
above α = 0.16 and this corresponds to the expected 
behavior in a choked flow.  

In order to show the trend better, the pressures 
of Figure 18 are normalized by the pressure difference 
between the inlet (port No. 2) and the throat (port No. 
14), i.e.    14 2 14/P P P P   as shown in Figure 19. As 

expected, the normalized pressure profile in the 
convergent section collapse together quite well. 
However, in the divergent section, the slopes of the 
normalized pressure profile change significantly as the 
void fraction increases from positive to negative 
between = 0 to = 0.22.  
 

 
 

Figure 17: Sketch of the location of the pressure ports with 
reference to the nozzle exit location and the beginning of  the 
convergent section.  
 

 
 

Figure 18: Pressure profile along the length of the nozzle for 
different void fractions at injection between 0 and 22%. The 
liquid flow rate is 0.38 m3/min (100 gpm). 
 

 
 

Figure 19: Pressure profiles shown in Figure 18 after 
normalizing with the pressure difference between the inlet and 

the throat,    14 2 14/ P P P P . The liquid flow rate is 0.38 

m3/min (100 gpm). 
 
Figure 20 shows the pressure profile along the 

length of the nozzle for void fractions up to 32%. The 
liquid flow rate was the same 0.38 m3/min (100 gpm). 
Corresponding normalized pressure profiles are shown 
in Figure 21. In these plots, the trend of pressures 
decreasing toward the exit is obvious. 

Experiments were conducted also at a higher 
liquid flow rate of 0.76 m3/min (200 gpm). Figure 22 
shows the dimensional pressure profiles, and Figure 23 
shows the corresponding normalized pressure profiles at 
a 0.76 m3/min (200 gpm) liquid flow rate. The 
dimensional pressures at the exit (actually the last port 
13 before the exit), as shown in Figure 22, seems to 
increase above the ambient pressure with the increase in 
. The exit pressure tends to be higher as the void 
fraction increases. This is a trait of supersonic flows 
where α = 0.065 would be an over-expansion state (pexit 
lower than the ambient pressure) and  
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α = 0.144 and 0.167 would be an under-expansion state 
(pexit higher than the ambient pressure). When there is no 
air injection (α = 0), the pressure profile is smooth and 
follows the subsonic trend. However, for cases with high 
air injection (α > 0.065), a sudden pressure rise seems to 
occur where the nozzle geometric slope changed (i.e. at 
the beginning of the convergent section and at the 
throat). The normalized pressure profiles with air 
injection fall on top of each other including for the local 
pressure rise after the throat as shown in Figure 23. The 
collapsed common profile is quite different from the 
normalized pressure profile without air injection. The 
sudden pressure rise is suspected to be as a result of 
bubble response to a sudden change in the flow field, and 
may be related to the bubble clustering shown in Figure 
16. Further investigations are required to understand this 
behavior better.  

 

 
 

Figure 20: Pressure profile along the length of the nozzle for 
different injection void fractions in the range of 24% to 32%. 
The liquid flow rate is 0.38 m3/min (100 gpm). 
 

 
Figure 21: Pressure profiles of Figure 20 normalized by the 
pressure difference between the inlet and the throat, 

   14 2 14/ P P P P . The liquid flow rate is 0.38 m3/min 

(100 gpm). 
   

 
 

Figure 22: Pressure profiles along the length of the nozzle for 
different injection void fractions in the range of 0 to 17%. The 
liquid flow rate is 0.76 m3/min (200 gpm). Ambient pressure 
was 101 kPa (1 atm).  
 

 
 

Figure 23: Pressure profile shown in Figure 22 after 
normalizing the pressures by the pressure difference between 

the inlet and the throat,    14 2 14/ P P P P . 

 
MIXTURE VELOCITY VS. SOUND SPEED  
 
From the pressure measurement and flow visualizations, 
we could not observe any obvious change in pressure or 
flow structure that would directly indicate a choked 
flow. Therefore an indirect evaluation of the mixture 
sound speed was sought. With the amount of air 
injection and pressure profile available, the air flow rate 
at any location, x, of the nozzle can be derived from 
 

  _( )
( )

 inj a inj
a

P Q
Q x

P x
,  (10) 

 
assuming isothermal expansion of the air.  Here, injP is 

the pressure of the mixture at the injection location and 

_a injQ is the corresponding air flow rate at injection.
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( )P x  and ( )aQ x are the pressure and air flow rate at the 

location, x, along the nozzle. With aQ available, the void 

fraction at the location of interest can be determined by 
 

 


a

a l

Q

Q Q
,   (11) 

 
where lQ is the liquid flow rate.  

 

 
 

Figure 24: Void fractions along the nozzle length estimated 
from the pressures in Figure 20 for different injection void 
fractions and for a liquid flow rate of 0.38 m3/min (100 gpm).  
 

 
 
Figure 25: Void fractions along the nozzle length estimated 
from the pressures in Figure 22 for different injection void 
fractions and for a liquid flow rate of 0.76 m3/min (200 gpm). 
 

Figure 24 and Figure 25 show the void fraction 
variations along the nozzle at different air injection 
conditions estimated from the measured pressures using 
(10) and (11) for a flow rate of respectively 0.38 m3/min 
(100 gpm) and 0.76 m3/min (200 gpm). Overall for these 
high void fraction conditions, as in a choked flow, the 
void fraction increases along the nozzle axis as we move 
towards the nozzle exit. However, the variations are 
smoother for the 0.38 m3/min (100 gpm) conditions as 

compared to those for 0.76 m3/min (200 gpm) condition. 
It appears that there are much stronger bubble volume 
fluctuations right after the throat for the higher flow. 

With the void fraction available, the sound 
speed can be estimated from the following equation: 
 

   
2 2

11
(1 ) ,

   

 

    
 

L G
L LkPc c

 (12) 

 
With the following values of the constants: specific heat 
ratio k = 1.0, liquid density =1000 kg/m3, gas density 

= 1.2 kg/m3, and sound speed in water =1485 m/s.  
 The mixture velocity, Vm, at any location, x, in 
the nozzle is estimated from the measured water flow 
rate, the injected air flow rate, and the cross-sectional 
area, A, as follows: 

   
 

,


 l a
m

Q Q x
V x

A x
        (13) 

where aQ is obtained by the isothermal relation (10) 

while the liquid is assumed to be incompressible.. 
Figure 26 and Figure 27 show comparisons of 

the deduced sound speeds and mixture velocities along 
the nozzle at different injection void fractions. As seen 
in Figure 26, at a liquid flow rate of 0.38 m3/min (100 
gpm), the sound speed in the mixture and the mixture 
velocity cross each other at a void fraction above about 
20%  downstream of the throat section. However, at the 
higher liquid flow rate, 0.76 m3/min (200 gpm), as seen 
in Figure 27, the mixture speed exceeds the sound speed 
at relatively low injection void fractions,  > 6%, and 
this occurs at the throat at the entrance to the divergent 
section.  

 

 
 

 

Figure 26: Variations of the sound speed and average mixture 
velocities deduced from the pressure measurements along the 
nozzle at different injection void fractions. Liquid flow rate = 
0.38 m3/min (100 gpm). 
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Figure 27: Variations of the sound speed and average mixture 
velocities deduced from the pressure measurements along the 
nozzle at different injection void fractions. Liquid flow rate = 
0.76 m3/min (200 gpm). 
 
 
 

FORCE MEASUREMENTS  
 

A potential advantage of achieving choked flow regime 
is improved thrust augmentation. Systematic thrust 
measurements were conducted at the above two liquid 
flow rates and various void fractions to study thrust 
variation with increasing void fraction. An impact plate 
approach, as we used in our previous work (Wu et al., 
2012b) was adopted. Figure 28 shows the variations of 
the force with the flow rate. The forces measured by the 
load cell at different values of the standoff distance 
between the nozzle exit and the measurements plate are 
compared with the calculated momentum of the jet. As 
shown in the figure, less force was measured as the 
standoff distance decreases from 0.15 m (6 inches) to 
0.05 m (2 inches). However, in all cases the force 
measurement is well correlated with the nozzle thrust. 

 

 
 

Figure 28: Variations with the liquid flow rates of the force 
measured by a load cell on an impact plate in front of the 
nozzle. Measurements are compared with the theoretical jet 
momentum thrust. 

 
The efficiency of the force measurement 

technique in capturing the jet exit momentum force is 
also examined. Figure 29 shows the variations of the 
normalized force captured by the plate, / ,l lF Q V

versus the flow rate. The fraction of the captured exit 
momentum force decreases with increased exit mixture 
flow rate and reaches  a plateau as observed in our 
previous study (Wu et al., 2012b). This may be 
attributed to the flow interaction between the nozzle 
flow and the flow deflected by the plate, which increases 
with the nozzle flow rate.  

In order to obtain the momentum thrust of the 
nozzle, T, the force F, directly measured by the load cell 
is corrected by the above measured capture efficiency, 
e,  using: 
 


F

T
e

.   (14) 

 
Figure 30 shows the momentum waterjet thrust 

augmentation index, ξW, defined in (8) versus the void 
fraction. The figure also shows previously measured 
data with the ½ 3D divergent-convergent nozzle in (Wu 
et al., 2012b). The thrust measurements indicate that the 
overall dependency of ξW on  is not too different 
between the previous nozzle and the convergent 
divergent nozzle, even though supersonic regime may 
have been reached. These measured thrust agree with the 
1D-BAP computed thrust augmentation. Overall, 
however, the thrust measurements of the current nozzle 
appear to result in a ξW about 20% higher than what was 
achieved with the ½ 3D nozzle (Wu et al., 2012b), but it 
is not clear if this is due to occurrence of a potential flow 
choking condition or to other measurements differences 
between the two system.  Reexamination of the two 
configurations under the same setup would be useful to 
elucidate this point. 
 

 
 

Figure 29: Fraction of the total exit momentum force captured 
by the force measurement plate at different liquid flow rates. 
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Figure 30: Normalized waterjet thrust augmentation, ξW, vs. 
exit void fraction. 

 
 

NUMERICAL STUDY 
 

The advanced numerical model based on a two-
way coupling between the Eulerian description of the 
equivalent continuum flow field with 3DYNAFS-VIS© 
and the Lagrangian tracking of the bubbles using 
3DYNAFS-DSM© was applied next. 

Figure 31 shows the computational domain and 
the mesh used in the numerical simulations. Only a 90° 
quadrant of the nozzle was modeled, and a large volume 
downstream of the nozzle exit was modeled to properly 
satisfy the exiting jet boundary conditions. This flow 
domain was represented by 60,000 cells. At the inlet, 
velocity was specified, and at the far downstream, 
pressure was specified. At the nozzle walls no-slip 
boundary conditions were used.  
 

 
Figure 31: Computational domain used in the 3DYNAFS© 
numerical modeling. A quadrant sector of the convergent-
divergent nozzle was modeled with a large downstream 
domain.  

 

 
Figure 32: Liquid only solution in the convergent-divergent 
flow nozzle predicted by 3DYNAFS-VIS©. Liquid flow rate is 
0.38 m3/min (100 gpm). Arrows represent velocity vectors, 
and color is the non-dimensional pressure,   2/ inp p u . 

 
 

Figure 33: Pressure distribution along the nozzle centerline 
and along the nozzle wall for liquid only flow of 0.38 m3/min 
(100 gpm). Predictions by 3DYNAFS-VIS© are shown as well 
as experimental measurements.  

 
The liquid only solution was obtained first as 

illustrated in Figure 32 with the velocity vectors and the 
pressure contours. The boundary layer at the wall was 
well captured, and the minimum pressure occurred in the 
throat section as expected. Two pressure profiles along 
the nozzle are show in Figure 33, one along the 
centerline and the other close to the wall. The pressure 
along the centerline of the nozzle is slightly different 
from the pressure along the wall of the nozzle. Since the 
pressure from the experiment was measured from the 
wall, we can understand the kink in the measured profile 
is due to the local sudden change of slope of the nozzle 
wall. The measurements and the predictions agreed well 
in general.  

Figure 34 shows a simulated mixture flow in 
the nozzle for the injection void fraction of 10%. This 
simulation was conducted with the fully coupled two-
way interaction model, and the effects of the bubble 
dynamics on the mixture flow is taken in to account. 
Bubbly flow structuring into clusters is observed in the 
divergent section between the throat and the exit. 
Bubbles collect to low pressure regions that were 
convected downstream. The distance between these 
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bubble clusters is about 14 mm in this case. Since the 
average mixture flow velocity is 4.5 m/s in the divergent 
section, this leads to a time period of 3 ms, or a frequency 
of 320 Hz. This is far from the natural frequency 7 kHz 
of the 400 µm radius bubbles used in this simulation. In 
terms of nozzle diameter based Strouhal number, it 
corresponds to /dS fd u =1.8, which is not a 

particularly known value for nozzle exit flow. The length 
between the throat and the exit is 0.083 m. Since the 
speed of sound in this mixture of about 20% void 
fraction is 30 m/s, the acoustic resonance of the 
divergent section would be about 360 Hz. This suggests 
that the structuring would be related to the standing wave 
formed in the nozzle. The bubble clustering seems to be 
a real phenomenon as it is similar to what was observed 
experimentally in Figure 16. This structuring will be 
studied further.  

 
 

 

 
Figure 34: Simulation of the bubbly mixture flow in the 
convergent-divergent axisymmetric nozzle using 3DYNAFS©. 
Water flow rate is 0.38 m3/min (100 gpm), initial bubble radius 
400 µm, void fraction 10%. 

 
CONCLUSIONS 
We have developed a convergent-divergent nozzle to 
study experimentally the potential for choked flow in the 
nozzle and to investigate thrust gain under subsonic and 
choked flow conditions. An analytical model for the 
choked flow was used to optimize the design of the 
nozzle, and a geometry that theoretically could achieve 
choked conditions was built and tested. 

Experimental results at relatively high liquid 
speeds and high void fractions showed substantial 
departure from the subsonic behavior in the divergent 
section of the nozzle. The pressure along the nozzle 
decreased (instead of classical subsonic increase) 
downstream of the throat, while the velocity increased. 
Assuming conservation of volume of water and 
conservation of mass of the isothermally compressible 
air, the mixture flow velocity and the local void fraction 
along the nozzle were estimated from the measured 
pressure distributions. The local variation along the 
nozzle of the speed of sound and the mixture flow speed 
were calculated based on the derived void fraction. This 
clearly indicated that supersonic flow was reached, i.e. 
that the local liquid speeds exceeded the local sound 
speed in the divergent section of the nozzle where the 
void fraction was high. 

The exit momentum was measured using an 
impact plate based thrust measurement scheme. The 
experiments showed good nozzle performance with 
significant increase of the thrust augmentation. 
However, the jet thrust augmentation index was similar 
to that of the subsonic nozzle, with a momentum thrust 
increase index about 20% higher than the subsonic 
regime nozzle. This study indicated that a well-designed 
flow nozzle can provide significant performance 
improvement since a W of 160% was measured for an 

exit void fraction of 60%. 
Comparing the analytical model prediction and 

the experimental results indicated that the trend of the 
pressure variation in the nozzle was well predicted by 
the model. The two-way coupled approach to the 
mixture flow in the nozzle was able to resolve the 
unsteady behavior of the bubbly flow and some 
structuring of the void fraction in the nozzle with 
clustering of the bubbles at periodic intervals. Further 
studies are underway to understand the bubble 
clustering. 
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