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ABSTRACT    

 

A multi-bubble dynamics code accounting for gas 

diffusion in the liquid and through the bubble wall 

was developed and used to study the modification of a 

bubble nuclei population dynamics by a propeller.  

The propeller flow field was obtained using a 

Reynolds-Averaged Navier-Stokes (RANS) solver 

and bubble nuclei populations were propagated in this 

field. The numerical procedure enabled establishment 

of the possibility of production behind the propeller of 

relatively large visible bubbles starting from typical 

ocean nuclei size distributions.  The resulting larger 

bubbles are seen to cluster in the blade wakes and tip 

vortices. Parametric investigations of the initial nuclei 

size distribution, the dissolved gas concentration, and 

the cavitation number were conducted to identify their 

effects on bubble entrainment and the resultant void 

fractions and bubble distribution modifications 

downstream from the propeller. Imposed synthetic 

turbulence-like fluctuations unto the average RANS 

flow field were also used to study the effect averaging 

in the RANS procedure has on the results. 
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INTRODUCTION  
 

The generation and entrainment of bubbles by ship 

motion raises many two phase flow fundamental 

questions and is of interest as bubble generation could 

in hostile environments affect the safety of the ship. 

These bubbles are transported by the flow field to the 

stern area, captured in the ship wake, trapped in the 

large vortical structures, and then act as tracers of the 

ship wake. In littoral warfare, such bubbly wakes 

provide an excellent opportunity to homing devices 

enabling them to easily find their target because of the 

large acoustic cross sections and high acoustic 

response of bubbles to acoustic waves. 

It is believed that bubble entrainment has two main 

sources. One source is from bubbles generated by air 

entrainment at the surface due to free surface and hull 

interactions resulting in breaking and spilling waves at 

the bow and stern and bubble entrainment in the 

boundary layer along the hull. The other potential 

source is bubble ‘production’ by the propellers. While 

there have been some research efforts to understand 

and observe bubble generation and entrainment in 

breaking waves
[1-4]

, much less has been done to 

investigate the second means of bubble 

generation/entrainment due to the propeller
[5]

, which 

is investigated here. 

 

One hypothesized scenario for generation and 

entrainment of bubbles by the propeller is rooted in 

the fact that natural waters always contain suspended 

microscopic bubble nuclei in addition to dissolved gas. 

These nuclei, when subjected to variations in the local 

liquid pressures, will respond dynamically by 

changing volume, oscillating, and eventually growing 

from sub-visual to become visible due to cumulative 

gas transfer into the bubbles. Several techniques have 

been used to measure the distribution and sizes of 

these nuclei both in the ocean and in laboratories. 

These include Coulter counter, holography, light 

scattering methods, cavitation susceptibility meters 

and acoustic methods such as the ABS ACOUSTIC 

BUBBLE SPECTROMETER
®[6]

. Franklin
[7]

 had 

summarized some earlier nuclei size distribution 

measurements done by different researchers in 

different waters.   

 

In order to investigate this type of bubble size 

enhancement, we have considered a numerical 

approach combining propeller flow filed viscous 

solution coupled with multi-bubble dynamics 

incorporation modeling of gas diffusion to account for 

the transfer of gases across the bubble walls. Such an 

approach has been summarized recently in Chahine
[8]

.  



 

3DYNAFS-DSM
©
 is a Lagrangian multi-bubble 

tracking and dynamics code
[9]

 using a bubble motion 

equation with a modified Rayleigh-Plesset bubble 

dynamics equation incorporating bubble surface 

averaged pressures (SAP) to account for flow field 

non-uniformities, and a bubble slip velocity pressure 

term
[10]

. This numerical model allows consideration of 

the spatiotemporal variations of dissolved gas 

concentration around the bubble and enables full 

tracking of a realistic bubble nuclei population.  

 

To investigate bubble ‘production’ by a propeller, we 

have utilized this model to propagate a nuclei 

distribution in the flow field of a marine propeller 

(NSWCCD Propeller 5168).  This flow field was 

simulated earlier by Hsiao and Pauley
[11]

 using a 

Reynolds-Averaged Navier-Stokes solver and 

validated with experimental measurements. 

 

NUMERICAL APPROACH 
 

Bubble Dynamics Model 

 
 The dynamics of a spherical bubble has been 

extensively studied following the original works of 

Rayleigh
[12]

 and Plesset
[13]

 which included for an 

incompressible liquid, the effects of inertia, bubble 

content compressibility, and ambient pressure 

variations.  Since then, a very large number of studies 

have been conducted to include a host of other 

physical phenomena. In the present study we have 

considered the following form of the equation for the 

bubble radius, R(t), which accounts for liquid and gas 

compressibility, liquid viscosity, surface tension, and 

non-uniform pressure fields, and is based on Keller-

Herring equation
[14]

.  
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where c is the sound speed in the liquid ,  its density, 

 its viscosity, and pv its vapor pressure. pg is the 

pressure of the gas in the bubble,   is the surface 

tension, and ub is the bubble travel velocity.  In Eq. 

(1), which we dub the Surface-Averaged Pressure 

(SAP) bubble dynamics equation
[9]

, we have 

accounted for a slip velocity between the bubble and 

the host liquid, and for a non-uniform pressure field 

along the bubble surface. penc and uenc are the liquid 

pressure and velocity respectively. penc and uenc are 

defined as the averages of the liquid pressures and 

velocities over the bubble surface.  The use of penc 

results in a major improvement over the classical 

spherical bubble model which uses the pressure at the 

bubble center in its absence. The gas pressure, pg, is 

obtained, as described in the next section, from the 

solution of the gas diffusion problem and the 

assumption that the gas is an ideal gas. 

 

The bubble trajectory is obtained using the following 

motion equation: 
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where b is the air density, CD is the drag coefficient 

given by an empirical equation from Haberman and 

Morton
[15]

 and  is the deformation tensor.  The 1st right 

hand side term is a drag force. The 2nd and 3rd terms 

account for the added mass.  The 4th term accounts for 

the presence of a pressure gradient, while the 5th term 

accounts for gravity and 6th term is a lift force. 

 
Gas Diffusion Model 

 

Water can contain gas not only in the form of nuclei 

with a particular distribution, but also as a gas 

dissolved in the liquid with a concentration C.  Over 

time, dissolved gas will diffuse from high 

concentration regions into low concentration regions 

following a gas transport equation for the time and 

space dependent dissolved gas concentration, C(x,t), 

given by: 
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where Dg is the molar diffusivity of the gaseous 

component in the liquid (in practice the turbulent 

diffusivity in high turbulence areas).  

 

For an oscillating bubble in a liquid containing 

dissolved gas, Eq. (3) needs to be solved while 

satisfying the following initial and far field boundary 

conditions:  
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where r is the radial distance from the bubble center 

and C is the dissolved gas concentration far away 

from the bubble surface. 



 

 

At the bubble surface Henry’s law, which relates the 

concentration of gas in a liquid to the partial pressure 

of the gas above the liquid, applies.  Hence, we have 

at r = R 
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where H is the Henry constant.  

 

As the bubble oscillates, non-condensable gas is 

transported across the bubble wall. The rate of 

transport of gas moles into the bubble, gn , can be 

related to the gradient of gas concentration in the 

liquid at the bubble wall: 
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where S is the surface of the bubble, C n   is the 

normal derivative to the bubble surface of the liquid 

gas concentration. The integration on the hand side of 

Eq. (6)  is over the bubble surface. Time integration of 

Eq. (6) determines at every instant the total number of 

moles of gas, ng, in the bubble. 

 

The two components of the bubble content: vapor and 

gas, are both assumed to be ideal gases which follow 

an ideal gas law:  
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where Vb is the volume of bubble, pv is the vapor 

pressure, nv is number of moles of vapor within the 

bubble, Ru is the universal gas constant and Tb is the 

absolute temperature of the gas and vapor mixture. 

Due to the relatively short vaporization time compared 

to bubble dynamics and gas diffusion characteristic 

times, the vapor is considered to instantaneously flow 

in and out of the bubble, and pv is taken equal to the 

equilibrium vapor pressure of the liquid at the bubble 

wall temperature. One consequence of this assumption 

is that the amount of ng, and nv in the bubble are 

directly proportional to the ratio of their respective 

partial pressures.  

 

Use of the idea gas equation of state introduces 

another unknown Tb. This problem can be closed by 

considering the thermodynamics of the contents of the 

bubble using the first law energy balance of the ideal 

gas mixture within the bubble. We consider the bubble 

wall to constitute a deformable and permeable control 

surface and write the first law energy balance for the 

control volume bounded by that surface:  
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where dU is the change in internal energy, dW  is the 

work done on the control volume,  hi  is the specific 

enthalpy, cV  is  the specific heat at constant volume, 

cP is the specific heat at constant pressure and Tl  is 

the liquid temperature. 
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Combining Eq. (7) and (8) one can obtain  
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where the superscripts Tb and Tl  for  cV and cP indicate 

that the specific heats are evaluated at corresponding 

bubble or liquid temperature. Using the fact that cP - 

cV = Ru one can rearrange Eq. (10)  to become:  
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Integration of Eq. (11) provides the instantaneous gas 

pressure to be used in Eq. (1) and the boundary 

condition, Eq. (5).  

 

A general, detailed solution of Eq. (3) would involve a 

time consuming numerical procedure, such as a space 

and time dependent finite difference scheme. To avoid 

this, and since we want to consider very large number 

of nuclei/bubbles, we adopt the thin boundary layer 



 

approximation introduced by Plesset and Zwick
[16]

 to 

obtain a solution to Eq. (3) for the case of an isolated 

spherical bubble.  In this approach large gradients in 

gas concentration are concentrated in a bubble wall 

boundary layer which is small compared to the bubble 

radius. An analytical solution then exists and relates 

the gas concentration at the bubble wall to the 

concentration at “infinity”.  This expression requires 

integration over the whole history of the bubble 

dynamics in order to enable computation of the 

amount of gas inside the bubble, and has the following 

form: 
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Although solving Eq. (12) instead of Eq. (3) reduces 

numerical complexity, some loss of solution 

generality is expected due to the thin layer 

approximation and the neglect of convection term.  

 

Eq. (11) requires gn  and gn to be integrated in time. 

To do so we rewrite Eq. (12) by first assigning the 

time interval integration part to be 

 

 
0 1/2

4

(0, )
gt

t

n
I t d

R y dy



 
  




.   (13)   

 

The interval time integration [0,t] can be split into two 

intervals to separate out the current time step as 
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where t is the time step size. The second terms in Eq. 
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where the tildes denote average values over the 

interval [t-t,t]. If we approximate these average vales 

by ( )g gn n t and  ( ) ( ) / 2R R t R t t   , then 

Eq.(15) becomes 
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After substituting Eq. (16) and (12) into Eq. (14), we 

can rearrange Eq. (14) to become: 
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To determine each bubble motion and volume 

variation, the set of four differential Eq. (1), 

Error! Reference source not found., (11), and (17) 

are solved using a Runge-Kutta fourth-order scheme 

to integrate through time.   

 

Fig. 1 Comparison of bubble radius versus time and resulting 

bubble growth from rectified diffusion between the 

current numerical model and Crum & Mao’s analytical 

model
[17]

 (a) initial phase (b) long duration computation. 

 

The current numerical model is compared to the 

analytical model derived by Crum and Mao
[17]

 for a 

rectification diffusion bubble driven by an acoustic 

pressure field as shown in Fig. 1. It is seen that the 

comparison between our current numerical model and 

Crum’s analytical model shows a good agreement on 

(b) 

(a) 

(a) 



 

the bubble growth rate except at the very beginning. 

Also, due to the neglect of all but the first-order term 

in the Crum analytical model, the bubble maxima and 

minima of the analytical model are seen to be a few 

percent smaller than in the present numerical model. 

 

RESULTS AND DISCUSSION 

 

The above method was applied to study nuclei motion 

and size variations in a selected propeller flow field. 

Nuclei in natural water with a prescribed air void 

fraction were released upstream of a rotating propeller 

and their dynamics computed using 3DYNAFS-VIS
©
. 

The propeller model was the David Taylor Propeller 

5168 propeller which is a five-blade propeller with a 

15.856 inch (0.4 m) diameter. The flow field around 

this propeller was simulated earlier for three different 

advance coefficients by Hsiao and Pauley
[11]

  using a 

Reynolds-Averaged Navier-Stokes solver and were 

validated against experimental measurements 

conducted by Chesnakas and Jessup
[18]

. Fig. 2 and Fig. 

3 illustrate the good comparison between simulation 

and measurement for the axial and radial components 

of velocity field. Additional more detailed 

comparisons can be found in Hsiao and Pauley
[11]

. The 

propeller flow field condition used in the study 

corresponded to an advance coefficient /J U nD  

= 1.1, where the liquid velocity U = 10.7 m/s, the 

propeller number of revolutions per minutes, n = 1450 

rpm, and D = 0.4 m the propeller diameter.  

z
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Fig. 2  Axial velocity Vx from experiment and computation at 

x/Rp=0.2386. 

y

z

y

z

 
Fig. 3 Radial velocity Vr from experiment and computation at 

x/Rp=0.2386. 

 

 

Fig. 4 Release location of the nuclei upstream from the rotating 

propeller for the “synthetic” case study presented here to 

illustrated effect of propeller on nuclei space and size 



 

distribution . 

Gas Diffusion Effects 
 

To study the gas diffusion effects on the bubble 

dynamics and the size distribution downstream from 

the propeller, we compare the results for a “synthetic” 

bubble nuclei distribution of including or not gas 

diffusion effects. Nuclei with a uniform radius of 50 

µm were released from a preset grid located upstream 

from the propeller at x = -0.08 m as illustrated in Fig. 

4. The total number of nuclei released was 4,500 and 

the nuclei were tracked from x = -0.08 m to x = 0.3 m. 

For the computations with gas diffusion, the water 

was assumed to be saturated with gas (i.e. the 

dissolved gas concentration was 100%, i.e. C = 0.66 

mol/m3).  

 

 

 

Fig. 5 Bubble size and location distribution at the exit of the 

computational domain: (a) Bubble size distribution (b) 

spatial distribution for simulations without gas diffusion 

at the exit from the computational domain, x=0.22m. 

 

 

Fig. 5 and Fig. 6 show the resulting bubble size and 

spatial distributions at x = 0.22 m for the two 

conditions where gas diffusion was not taken into 

account (Fig. 5) and where it was (Fig. 6). These 

simulations were conducted at a cavitation number,  

= 1.75, where   is defined as 
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where  and p U are the liquid pressure and 

velocity upstream from the propeller. 

 

 

Fig. 6 Bubble size and location distribution at the exit of the 

computational domain: (a) Bubble size distribution (b) 

spatial distribution for simulations with gas diffusion at 

the exit from the computational domain, x=0.22m. 

 

From the comparison of the bubble size distributions 

it is seen that the propeller modifies the size range of 

the bubbles from the uniform 50 µm nuclei sizes to a 

range of sizes: 50 µm < R < 70 µm when there was no 

gas diffusion.  When gas diffusion is taken into 

account a much larger range of bubble sizes is 

generated: 50 µm < R < 190 µm.  In both cases larger 

sized bubbles are seen to collect mainly in two regions: 

the tip vortices areas and the wakes of the blades, 

which emanate from its blade suction side.   

 

By observing the behavior of individual bubbles, we 

are able to determine where the larger bubble 

originated from.   

Fig. 7 shows three typical scenarios of bubble paths 

through the propeller flow field.  
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Fig. 7 Bubble trajectories along the propeller and bubble radius 

along the trajectories for (a) a bubble captured by a the 

tip vortex (b) a bubble moving over the suction side of a 

blade surface (c) a bubble traveling in the middle of a 

two blade passage. 
 

a) In the first (  

Fig. 7a) the bubble has a helicoidal motion and gets 

entrapped in a tip vortex.  It grows to its maximum 

size while approaching the vortex core and feeling the 

lowest pressure region. The bubble then shrink in 

volume while oscillating as the pressure along the 

vortex center recovers. However, the bubble does not 

return to its initial size (50 µm); instead it retains a 

much larger size (80 µm) due to a net increase of the 

amount of gas in the bubble accumulated during the 

volume fluctuations.  

 

b) In the second scenario, the bubble travels over the 

blade surface on the suction side (  

Fig. 7b). Here the bubble grows to its maximum size 

as it encounters the minimum pressure on the blade 

surface. It then collapses as the pressure recovers, but 

here again retains a much larger size (110 µm) than 

the original after it passes the blade area.   

 

c) The third scenario is the most common, and 

concerns bubbles passing through the blade areas 

away from the tip vortices and blade suction side 

regions.  For these bubbles the size remains very close 

to the original size during and after crossing the 

propeller flow field, as shown in   

Fig. 7c. 

 

Modeling of a Real Nuclei Field 

 

In order to simulate realistic water conditions a known 

size distribution of nuclei was selected and used to 

seed the water feeding the propeller. The nuclei were 

considered to be distributed randomly in a fictitious 

supply volume feeding the computational domain inlet 

plane (release area).  The fictitious volume size was 

determined as the product of the release area by the 

sought physical duration of the simulation and the 

inlet velocity, U , as illustrated in Fig. 8. The nuclei 

size density distribution function, n(R), is defined as 

the number of nuclei per unit volume having radii in 

the range [R, R+dR]: 
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where N(R) is the number of nuclei of radius R in a 

unit volume. This function can be expressed as a 

discrete distribution of M selected nuclei sizes. Thus, 

the total void fraction, , in the liquid can be obtained 

from 
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Where Ni is the discrete number of nuclei of radius Ri 

used in the computations.  

 

 

Fig. 8 Illustration of the fictitious volume used to feed nuclei 

into the inlet (or release area) of the computational 

domain. 

(a) 

(b) 

(c) 



 

 

For the results shown below we have selected the 

following characteristic values, which correspond to 

typical field measurement by Medwin
[7]

 size range of 

10 to 200 µm and void fraction,  = 3.2310
-5

. Fig. 9a 

shows the selected nuclei size number density and Fig. 

9b shows the numbers of discrete bubble sizes and 

bandwidths selected. 

 

 

 

Fig. 9 (a) The nuclei size density distribution selected to 

resemble the field measurement by Medwin (Franklin 

1992) and (b) the resultant number of nuclei released. 

 
 

Time-Averaged Void Fraction Distribution 
 

In order to minimize computations CPU time, a time 

of release, Dt, during which actual bubble 

computations are conducted was selected and 

corresponded to a meaningful bubble population 

distribution in the fictitious bubble supply volume. 

The resulting bubble behavior was then assumed to be 

repeated for mDt and the effects of m on the results 

were analyzed.  

 

Fig. 10 shows the time variation of the total number of 

bubbles within the computational domain (-0.08 m < x 

< 0.3 m) for Dt =3.710
-3

 sec and for different number 

of repeats, m. The results clearly indicate that a steady 

state is achieved after t > 0.03 ms when a minimum of 

10 repeats is effectuated.  For a smaller value of the 

release duration the solution is only transient.  

Increasing the number of repeats, m, over 10 extends 

the quasi-steady state period in the computational 

domain. 

 

 

Fig. 10  Effect of the bubble release duration on the total 

number of bubbles within the computational domain. 

Computations were conducted for 33.7 10t sec 

and results were then repeated to cover much longer 

release times, , 1 25m t m   .  

 

 

 

Fig. 11 Snapshot of the bubbles in the propeller flow field: (a) 

Front view and (b) side view of the bubbles in the 

computational domain at a given time during the 

computation. Bubble sizes are to-scale in volume II), 
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they are enhanced by a factor of 5 in the volumes I) and 

III). 

Fig. 11 illustrates the sizes and locations of the 

bubbles on the propeller blades and in the tip vortices.  

A snapshot of both front and side views are shown for  

 = 1.75. It is noted that in the side view the bubbles 

in the volume II are shown to scale, while they are 

amplified 5 times (to make them more “visible” in 

print) in the volumes I and III. Fig. 11 illustrates the 

marked increase in “visible” bubbles downstream of 

the propeller, traveling bubble cavitation, tip vortex 

cavitation and the initiation of sheet cavitation.  

 

In order to illustrate the results in a simplified manner, 

some average quantities are introduced.  We can 

define a section-averaged time dependent void 

fraction, x(x,t), as follows:   
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where d is the shaft diameter, D, the propeller 

diameter, and N(x,t) is the number of bubble within 

the interval [x , x+x] at the given time, t. The time-

averaged void fraction of  (x,t)  at t1, over a time 

period dt can also be defined as:  
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Fig. 12 The distribution of the time-averaged void fraction, , 

along the propeller axial direction for a value of void 

fraction at the inlet, 53.23 10    and  = 1.75. 
 

Fig. 12 shows the distribution of  along x. It is seen 

that the void fraction increases significantly as a result 

of cavitation on the blades (first hump in the figure) 

and in the tip vortices (second hump). The void 

fraction decreases as the pressure encountered by the 

bubble increases. However, the downstream void 

fraction is in this case still becomes 1.4 times that of 

upstream.  

 

The effect of propeller cavitation on the number of 

bubbles having a large size is much more important 

than on . Fig. 13 shows the bubble size distribution 

at x = 0.2 m. It is seen that a large number of bubbles 

of 400 µm radius are now present in the field and 

would be seen, while all bubbles were originally 

smaller than 200 µm upstream when they entered the 

propeller flow field.  
 

 
Fig. 13 Comparison of the initial nuclei size distribution 

entering the computational domain and that resulting at 

the domain exit at x = 0.2 m. 

 

 
 

Fig. 14 Comparison of the time-averaged void fraction 

distribution, ,  along the axial direction between two 

different durations of the nuclei release. 

 

Effect of the Duration of Nuclei Release 

 

In order to investigate whether the duration of bubble 

release selected in the previous section, Dt = 3.710
-3

 

sec, is long enough to be statistically meaningful, 

comparison with a computation with a 10 fold longer 

release time, Dt = 3.710
-2

 sec is considered here.  

Comparison of the void fractions  is shown in Fig. 

14. It is seen that differences between the two release 

durations are minimal with less than 2.5% difference 

in the time-averaged void fraction downstream. This 
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justifies the use of the shorter duration of 3.710
-3

 sec 

to conduct parametric studies. 

Parametric Studies 

 

The effect of three important physical parameters: the 

cavitation number, the initial nuclei size distribution, 

and the initial dissolved gas concentration, on the 

bubble nuclei entrainment and dynamics are addressed 

in this section.  

 

 
 

Fig. 15 Comparison of the void fraction variations along x for 

three cavitation numbers, 1.75,1.65 and 1.5  . 

 

 

 
Fig. 16 Bubble size distribution at x = 0.2 m for three different 

cavitation numbers, 1.75,1.65 and 1.5  . 

 

Cavitation Number 

 

The time-averaged void fraction and downstream 

nuclei size distribution obtained at three different 

cavitation numbers,  = 1.5, 1.65 and 1.75, are 

compared in Fig. 15 and Fig. 16. As can be seen in the 

figures, in all three cases the void faction increases 

significantly in the propeller liquid volume II (Fig. 

11b), then plateaus. As the cavitation number 

decreases, the void fractions within the cavitation 

areas increase and the relative importance of the tip 

vortices cavitation volume diminishes relative to the 

propeller blade cavitation. With smaller values of , 

the bubbles retain a much larger size downstream of 

the propeller due to enhanced net gain of gas mass 

diffusing into the bubbles. The downstream void 

fraction  at x = 0.2 m is 50 times the upstream value 

for = 1.5, 2.35 times for   = 1.65 and 1.4 times for 

 = 1.75. The largest downstream bubble radii 

observed are 800 µm for  = 1.5, 600 µm for  = 1.65 

and 400 µm for  = 1.75, as compared to 200 µm at 

release.  

 

 
Fig. 17 Comparison of the void fraction variation along the 

propeller streamwise direction for two initial nuclei size 

distributions. 

 

 
Fig. 18 Bubble size distribution at x = 0.2 m for two initial 

nuclei size distributions. 

 

Nuclei Distribution  

 

To investigate the effect of the initial nuclei size 

distribution on the results a bubble size distribution 

ranging from 10-200 µm is compared in Fig. 17 to that 

of a uniform distribution of 100µm bubbles. Both 

distributions are selected to have the same initial void 

fraction.  Fig. 17 shows ( )x in both cases. Higher 

bubble void fractions are seen near the propeller blade 

region for the initial uniform nuclei size case. 

However, this does not result in any significant 

difference in the void fraction observed downstream. 

Fig. 18 compares the resulting downstream nuclei size 

distributions at x = 0.2 m. It is seen that the largest 
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bubble radius is 400 µm for the non-uniform nuclei 

distribution, while it is 300 µm for the uniform case. 

This is related to the existence of larger bubbles in the 

initial non-uniform bubble nuclei distribution. 

 

Dissolved Gas Concentration  

 

The effect of the dissolved gas concentration on the 

bubble dynamics is illustrated in Fig. 19 by 

considering  dissolved gas concentration of 0.66 

moles/m
3
 and 1.32 moles/m

3
. As seen in Fig. 19, this 

results in further increase in the void fraction 

downstream.  However, although the dissolved gas 

concentration was doubled, the void fraction increased 

by only 11%.  

 

 
 

Fig. 19 Comparison of the void fraction variation along the 

propeller streamwise direction for two initial gas 

concentrations. 

 

 

Effect of Artificial Turbulence-like Fluctuations 
 

The computations shown above used the flow field 

obtained by a RANS computation. As a result, the 

pressures and velocities used were quantities averaged 

by the RANS numerical procedure.  On a real 

propeller, fluctuating turbulent quantities exists and 

modulate the RANS solution.  In order to investigate 

the influence of turbulence on the results shown above, 

artificial turbulence-like fluctuations, ( , p u ), were 

randomly added to the velocity and pressure field, 

( , pu ), obtained from RANS: 

 

;

.p p p
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To reproduce a realistic turbulent flow, the fluctuation 

velocity field, u , was composed of both spatial and 

temporal fluctuations.  The pressure fluctuation field 

were then approximated by: 
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The following expressions give the fluctuating 

velocity field for the axial component only (for 

simplicity of the presentation): 
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To make the artificial fluctuations physics-based, their 

intensity Au() was related to the RANS determined 

vorticity distribution, , and made maximum at  

max: 

 

max

( )  ,uA A


 


             (26) 

 

where A is the imposed amplitude of the oscillations 

and  max is the maximum vorticity in a given y-z 

plane.  

 

 
 

Fig. 20 Contour plots of the imposed velocity fluctuations 

amplitude Au() in the y-z plane located at x = 0.05 m. 

 

Fig. 20 illustrates the contours of Au() in the y-z 

plane downstream of the propeller at x = 0.05 m. Two 

flow passages only of the five-bladed propeller are 

shown. As expected, the highest amplitude 

oscillations are in the tip vortices and along the wake 

regions of the propeller blades. In Eq. (25),  f(x), f(y) 



 

and f(z) are spatial fluctuation functions, made of Nx, 

Ny and Nz components with wave lengths and phases, 

x and (x), y and (y), z, and (z) respectively.  

The phase shifts  are randomly distributed between 

[0,1]. Ax, Ay and Az are factors used to ensure that the 

fluctuation functions have unit values at the highest 

oscillations amplitude.   

 

By multiplying f(x), f(y) and f(z) with Au(), one can 

obtain the spatial velocity field fluctuations. The axial 

velocity fluctuation contours shown in Fig. 21 were 

obtained with A = 0.05 and 400 wave lengths ranging 

from 1m to 0.001m in both the y and z directions. 

 

 

Fig. 21 Contour plots of the axial velocity fluctuations obtained 

with A = 0.05 and composed of 400 different wave 

lengths ranging from 0.001 m to 1 m in both the y and z 

direction. 

 

Eq. (25) also includes an imposed temporal 

fluctuation, f(t), which is composed of Nt different 

frequencies, , with phase shift () randomly 

distributed between [0,1]. At is a factor to ensure that 

the fluctuation function has a unit value at the highest 

amplitude of oscillations. The exponential term 

included in the temporal function allows one to 

generate bias fluctuations with the highest energy 

centered in the specified peak frequency, peak. Fig. 22 

illustrates an example signal composed of frequencies 

between 1 to 15 kHz with peak = 8 kHz shown in both 

the time and frequency domains. 

 

With this imposed artificial turbulence, we investigate 

the effects of the fluctuations amplitude and frequency 

on the bubble dynamics and entrainment. Fig. 23 

shows in black the bubble encountered pressure (i.e. 

pressure felt by the bubble during its travel) and in red 

the bubble radius versus time for a 50 µm bubble in 

absence of imposed fluctuations.  This bubble grew to 

more than 4 mm near a blade surface and then 

stabilized to about 200 µm downstream of the 

propeller.  The cavitation number was   = 1.75. 

 

 
Fig. 22 Example fluctuations function with peak = 8 kHz, and 

composed of frequencies between 1 and 15 kHz. a)  Time 

domain, b) Frequency domain. 

 

 

 
 

Fig. 23 Encountered pressure (black) and bubble radius (red) 

for a 50 µm nuclei which grew over a propeller blade 

suction surface,  = 1.75. 

 

Fig. 24 shows similar curves as in Fig. 23 but when 

artificial turbulent flow field like fluctuations were 

imposed. The results for three conditions are shown in 

the figure with different peak frequencies: peak = 2, 6, 

and 10 kHz and A = 0.4.  It is clear from the figures 

that the bubble has the strongest oscillations and the 

largest downstream radius when the peak frequency is 

equal to 6 kHz.  This can be explained by considering 

No Oscillation 

Frequency (hz) 

Peak frequency=8 kHz 

Time (sec) 



 

the bubble natural frequency, R, given by: 
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where k  is the polytrophic gas constant (k = 1.4 was 

used in the current study). Not surprisingly, for the 

bubble shown in Fig. 23, the natural oscillation 

frequency is about 6 kHz since it has a radius of 200 

µm and encounters a pressure of around 30,000 Pa. As 

expected, oscillations with a driving pressure field 

resonating with the bubble natural frequency enhance 

the gas diffusion. This resonating oscillations are 

expected to increase further the size of the resulting 

bubble  as we have shown in Fig. 1. 

 

 

 

 
 

Fig. 24 Encountered pressure (black) and bubble radius (red) 

for a 50 µm nuclei subjected to imposed artificial flow 

field fluctuations with three different peak frequencies, 

peak= 2, 6, and 10 kHz.  A = 0.4.  

 

Also, the effect of the amplitude of the fluctuations on 

the results is shown in Fig. 25 for three different 

values of the amplitude, A, and with peak = 6 kHz. As 

expected, the bubble oscillations increase when the 

amplitude of the fluctuations increases. 

 

 

 
Fig. 25 Encountered pressure (black) and bubble radius (red) 

for a 50 µm nuclei subjected to imposed artificial flow 

field fluctuations with three  different fluctuation 

amplitudes:  A = 0.1, 0.2 and 0.4.peak = 6 khz. 

 

 

CONCLUSIONS  
 

Application of multi-bubble dynamics, accounting for 

gas diffusion effects to the study of bubble 

entrainment and dynamics in a propeller flow enables 

study of the modification of natural waters nuclei 
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distribution by a propeller. Comparison of the results 

between inclusion or neglect of gas diffusion shows 

that gas diffusion plays an important role on the 

resulting bubble sizes downstream from the propeller. 

Bubble sizes become larger than the original upstream 

sizes, downstream of the propeller due to a net influx 

of dissolved gas into the bubble.  Bubble explosive 

growth and collapse, are also seen to be an essential 

‘catalyst’ to enable significant diffusion as bubbles 

which do not experience intense dynamics do not 

change size significantly. 

 

The model enabled simulations of bubble entrainment 

by a rotating propeller with a realistic ocean nuclei 

size distribution.  Large visible bubbles were seen to 

collect in the blades vortices and wake regions.  As 

the cavitation number decreases the downstream void 

fraction increases and the nuclei size distribution 

shifts towards larger sizes. Increase in dissolved gas 

concentration was also found to increase the 

downstream void fraction. Different upstream nuclei 

distributions with the same void fraction have similar 

effects on the downstream void fraction but have a 

more significant effect on the downstream nuclei size 

distribution. Changes in the bubble size are indeed the 

most important effect observed in the study, with the 

propeller flow field significantly modifying the size 

distribution by both broadening the size range and 

increasing significantly the number of larger bubbles.  

 

Imposing artificial turbulence on the flow field results 

in enhanced bubble activity, which increases with the 

fluctuations amplitude. The magnitude of the bubble 

size oscillations reaches a maximum as the peak 

frequency of the imposed turbulent fluctuations 

matches the resonant natural bubble oscillation 

frequency.  
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