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Abstract. A 3-D zero-thickness shell model was developed to simulate the non-spherical 
response of therapeutic encapsulated microbubbles subjected to ultrasound excitation. The 3-D 
model was compared with previous developed models for validation. This model was then 
utilized to study the bubble break-up during non-spherical deformations resulting from the 
presence of a nearby solid wall.  The effect of shell thickness and standoff distance to the solid 
wall on the bubble break-up was studied parametrically. A diagram of bubble shapes was 
derived to categorize bubble forms at break-up, and four zones were identified. The diagram 
provides the good conditions for drug and gene delivery. 
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INTRODUCTION 
Encapsulated microbubbles formed by a gas core and a viscous shell have been 

used in ultrasound medical applications for many years. The most established use of 
encapsulated microbubbles is acoustic contrast agents to enhance ultrasonic images 
quality [1,2]. However, due to their inert properties under normal biological conditions 
and reactive character when subjected to ultrasound excitation, there are rapidly 
emerging applications for microbubbles  for targeted drug and gene delivery [3-5].  

Several ways of using encapsulated microbubbles for targeted drug and gene 
delivery have been studied. One approach is to inject regular ultrasound contrast 
agents and drug-containing vesicles simultaneously [5,6]. Then, a sufficiently strong 
ultrasound pulse is applied to the targeted area such that  the contrast agents expand 
explosively and collapse violently near cells and tissues to produce sonoporation; a 
temporary formation of pores on the cell membrane, which assist large molecule drugs 
delivery from carriers to the interstitial tissue. An alternative approach is to 
incorporate the drug directly into the encapsulating layer of the microbubbles [7-9]. 
When subjected to ultrasound excitation, the shell is forced to fragment and release the 
payload to the targeted area. Such drug-laden encapsulated microbubbles need a thick 
shell to increase the payload because the volume of the drug delivered by the 
microbubbles is relatively small as compared to other means of drug delivery. Further 
improvement of drug-laden encapsulated microbubbles is to attach a ligand that is 



targeted to specific endothelial receptor [10]. This method allows the encapsulated 
microbubbles to adhere to the endothelial surface and thus increase local microbubble 
accumulation and targeted delivery.  

 However, sonoporation is therapeutic only at low doses of ultrasound. An increase 
in the ultrasound intensity results in cells death and other detrimental biological side 
effects. Therefore, characterization and understanding of the fragmentation 
mechanism of encapsulated microbubbles is pivotal to its use for drug delivery. 
Although many studies [11-14] have been dedicated to investigate shell break-up of 
encapsulated microbubbles, they are limited to spherical models and no real life 
deformations are included. From previous studies on bubble dynamics [15-17], it is 
known that an oscillating bubble may form a re-entrant jet during its collapse 
depending on its distance to nearby boundaries. A similar behavior is expected with 
the encapsulated microbubbles.  Indeed, micro-jetting and micro-streaming associated 
with the violent non-spherical breakup have been hypothesized as mechanisms to 
enhance drug delivery [18]. Understanding this phenomenon is particularly important 
for drug-laden microbubbles baring surface ligands to adhere to the endothelial surface 
because of their small standoff from the tissue surface. 

Hsiao et al. [19] developed a 3-D finite-thickness shell numerical model based on a 
domain decomposition scheme to study the dynamics of encapsulated microbubbles. 
The computational domain is composed of inner domains covering the shells, and an 
outer domain covering the host liquid medium. The inner domains are discretized and 
solved using an unsteady Navier-Stokes solver, 3DYNAFS-VIS©, while the flow field 
in the outer domain is solved using a BEM-based potential flow solver, 3DYNAFS-
BEM©. This method can best describe the dynamics of thick-shelled encapsulated 
microbubbles, but at high computational cost. In this paper, to speed up computations, 
we present a 3-D zero-thickness shell model which replaces the shell thickness with an 
equivalent dilatational viscosity term in the boundary condition.  

NUMERICAL MODELS 
The present 3-D zero-thickness shell model solves the flow field only in the outer 

domain, which is assumed to be irrotational and incompressible. This assumption 
allows the definition of a velocity potential, φ, which satisfy the Laplace equation:  

2 0 and =φ φ∇ = ∇u ,     (1) 
where u is the velocity vector.  A boundary integral method is used to solve Equation 
(1), based on using Green’s theorem, which can be written in the following form: 
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Ω is the domain of integration, S is the boundary surface, n is local normal unit vector, 
and G is Green's function.  If G is selected to be harmonic everywhere but at some 
discrete points, such as 1/G = − − x y , where x is a fixed point in Ω and y is a point 
on the boundary surface S, Equation (2) reduces to Green’s formula with απ being the 
solid angle at x enclosing the domain Ω: 
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To solve Equation (3) either the velocity potential, φ, or the normal velocity, ∂φ/∂n, 
to the boundary surface S  needs to be provided. The boundary surface for the current 
problem (encapsulated microbubble near a wall) includes a rigid wall and the 
liquid/shell interface. For the rigid wall, a no-penetration condition, ∂φ/∂n =0, is used 
to specify the normal velocity. For the liquid/shell interface, the velocity potential can 
be deduced from integration of the Bernoulli equation: 
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where P(t) is the imposed acoustic pressure, lρ  is the liquid density, and Pl is the 
liquid side pressure on the liquid/shell interface. lP  can be determined through the 
normal stress balance across the liquid/shell interface. However, in the zero-thickness 
shell model, the inner domain is degenerated and thus the liquid/shell interface and the 
liquid/gas interface coincide. To express the normal stress boundary condition across 
the liquid/shell/gas interface, we introduce an “effective” normal stress, nτ ,  to 
represent the normal stress due to the shell. If the bubble was spherical, then the 
normal stress balance across the interface would be written as: 
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where R is the bubble radius, R is the bubble wall velocity, lμ is the liquid viscosity,γ  
is the surface tension and pg is the pressure of the gas core.  In [21] Hsiao et al. found 
that if 2

012 /n sd R Rτ μ= & , where sμ  is the shell viscosity and 0d  is the initial shell 
thickness, then the spherical finite-thickness shell model recovers the spherical zero-
thickness shell model derived in [13], using a dilatational viscosity in the normal stress 
balance equation.  

To adapt Equation (5) for the current 3-D zero-thickness model, a local spherical 
motion approximation such that ~ 2 /R C , where C is the interface curvature, and 

~R nφ∂ ∂&  is applied. As a result, the normal stress boundary condition is written as: 

( )02 3l g l sP p C C d C
n
φγ μ μ ∂

= − − +
∂

.   (6) 

RESULTS 
The results and computations in this study focus on thick oil-shelled microbubbles 

developed for drug delivery. For example, ImaRx Therapeutics (Tucson, AZ) has 
produced a prototype with a triacetin shell. For a triacetin-shelled bubble in water, we 
have the following fluid properties used in the numerical computations: 

0.028kg mssμ = , 31000kg mlρ = , 0.001kg mslμ = , 20.068kg sγ = .  

Validity of the 3-D Zero-Thickness Model  
To validate the 3-D zero-thickness shell model we have compared its solutions with 

those obtained by a spherical finite-thickness shell model which has been validated 
with experimental measurement by Hsiao et al. [19]. FIGURE 1(a) shows the 
comparison between these two models for a bubble with initial outer radius 0R =1.7 



μm and an initial thickness of d0
* =10-4 μm suspended in water at 1 atm ambient 

pressure driven by a acoustic wave of amplitude, aP =0.2Mpa, and frequency, 
f =2.5MHz. It can be seen that the solution of the zero-thickness model matches very 

well with the thick shell case. FIGURE 1(b) compares the maximum radius of the 
oscillation versus normalized with the initial shell thickness after periodic oscillations 
are reached in both models. It can be seen that the zero-thickness model deviates 
significantly from the finite-thickness model when the shell thickness exceeds more 
than 10% of the initial outer radius, but matches very well with it, otherwise.  

 
FIGURE 1. Comparison between spherical finite-thickness shell model and 3-D zero-thickness shell  

model of  (a) the time history of the shelled bubble radius for d0*=10-4μm and  
(b) the normalized maximum radius versus normalized initial shell thickness. 

 

 
FIGURE 2. Comparison of the bubble shape variations between the 3-D finite-thickness model and 

the zero-thickness shell model at several time steps during the first bubble oscillation cycle. 

The 3-D zero-thickness shell model was also applied to simulate the dynamics 
of a thick-shelled microbubbles near a rigid wall under ultrasound acoustic excitation 
with aP =1Mpa, and f =2.5MHz. The thick-shelled microbubble had an initial inner 
radius of 1.2 μm and an initial outer radius of 1.7μm and was initially located 3.6 μm 
away from the solid wall.  The results of the zero-thickness model are compared to 
those of the finite-thickness shell model for small standoff conditions. During the 
comparison we found that using the average across the thickness initial radius of 

0R =1.45 μm for the zero-thickness shell model best match the finite-thickness shell 
model results. FIGURE 2 shows a comparison of the bubble shape variations between 
the two models at several time steps during the first bubble oscillation cycle. It is seen 
that the bubble shape of the zero-thickness shell model almost falls between the shape 
of the inner and outer shell interfaces obtained from the finite-thickness shell model 
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when shell thickness is think. The solutions start to deviate when the thickness become 
very thick near the end of bubble collapse. 

Effect of Shell Thickness and Standoff on Shell Break-up 
It has been shown by Chahine [22] that an explosion bubble may become pinched 

off and cut into two instead of forming a reentrant jet during its collapse depending on 
its initial distance to a solid boundary. For the current problem other parameters such 
as shell thickness, shell material, initial bubble radius, acoustic pressure amplitude, 
frequency may also influence the form of the breakup. In this study we only focus on 
the effect of standoff and shell thickness on the shell breakup. Simulations were 
conducted for a triacetin-shelled bubble with an initial mi-thickness radius of R0=1.45 
μm under ultrasound acoustic excitation with Pa =1 Mpa, and f =2.5 MHz. To cover a 
wide range of parametric space, we conducted simulations for five different standoff 
distances, i.e. X = 1.45, 2.85, 4.35, 5.80 and 7.25 μm, and five different shell 
thicknesses, i.e. d0 = 0.1, 0.3, 0.5, 0.7 and 0.9 μm. The simulation of each case was 
continued for more than one oscillation cycle unless breakup occurred earlier.   

 
FIGURE 3. Diagram of bubble shapes within the parametric space studied. 

 
Within the parametric space studied, FIGURE 3 shows a diagram of the bubble 

shapes either at the end of the simulation due to bubble becoming multi-connected or 
at the end of the first bubble oscillation cycle. According to the last shape of the 
bubble surface we can divide the diagram into four zones: In Zone A, a reentering jet 
is found to punch through the bubble. In Zone B, a ring type of jet is found at touch 
down. In Zone C, the bubble is found to pinch off into two. In Zone D, the bubble 
surface does not become multi-connected during the first cycle.  Based on this 
diagram, the bubble break-up in Zones A and B could be the best conditions for drug 
or gene delivery. That is because the break-up of bubble in the first cycle allows lower 
ultrasound dose and the jet directed to the wall can help drug or gene particles 



penetrate the cell membrane. Although the bubble also breaks up due to pinch-off in 
Zone C within the first cycle, there is no wall-heading jet to enhance the sonoporation. 

CONCLUSIONS 
A 3-D zero-thickness shell model was developed to study shell break-up 

mechanisms for a triacetin-shelled microbubble under ultrasound excitation. It is 
shown that the zero-thickness shell model can predict well the dynamics of 
encapsulated microbubbles if the shell thickness is less than 10% of the initial shell 
outer radius. A parametric study on shell thickness and standoff shows a variety of 
bubble shapes at break-up. Four zones are identified in the parametric space. Based on 
the diagram, the best condition for drug and gene delivery enhancement can be 
provided. 
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