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ABSTRACT 
 
Measurement of bubble size distribution and void fraction is of 
vital importance in many multi-phase flow applications. This 
paper describes an acoustics based device, the ABS Acoustic 
Bubble Spectrometer®, which can conduct measurements 
accurately in near real-time in a cost-effective fashion. By 
propagating short bursts of sound at different frequencies 
through bubbly medium, it measures frequency dependent 
attenuations and phase velocities of the acoustic waves and 
uses them to obtain the bubble size distribution (number of 
bubbles per size) by solving an inverse problem. Recent 
developments, both in hardware and software, as well as their 
validations are presented, these new advancements enable the 
ABS to measure void fractions up to 3x10-3 with bubble sizes 
ranging from 10 μm to 3mm. 
 
KEY WORDS:  bubble size distribution; void fraction; 
acoustic; multi-phase flow. 
 
INTRODUCTION 
 
Measurement of bubble size distribution and void 
fraction is very important in multi-phase flow 
applications that range from flows subject to 
cavitation occurrence and industrial processing, to 
oceanographic and biological flows. Several 
techniques have been used to-date to obtain such 
information [1-9], these techniques can be divided into 
optical methods (photography, holography, scattering, 
radiography, etc.), acoustical methods (scattering, 
attenuation, dispersion, etc.), and others (electrical 
impedance, cavitation susceptibility, etc). Acoustical 
methods are inverse methods, relying on the fact that 
bubbles have a strong effect on the propagation of 
acoustic waves. The acoustical cross-section of a 
bubble is three to four orders of magnitude greater 
than its geometrical cross-section [1]. Acoustical 
techniques are relatively simple, and applicable to 
much larger liquid samples and optically non-

accessible media. Additionally, liquids are generally 
much more transparent to the passage of acoustic 
waves than they are to light.  
 
Previous predictions of acoustical and optical 
techniques could differ widely [2]; for instance, the 
acoustical method of Wildt [3] over-predicts the 
bubble population density by as much as two orders of 
magnitude at small radii, and under-predicts it 
significantly at larger radii. The error lies in the 
procedures used to infer the bubble population from 
the measurements.  
 
Using a set of effective equations, derived by taking 
the limit of the complete equations of motion to small 
bubble volume fractions [14], a dispersion relation for 
bubbly fluids was developed by Commander and 
Prosperetti [15]. This relationship was used to obtain 
the attenuation and phase velocity for given bubble 
populations and was compared very favorably with 
measurements. This study also found that the 
computed attenuations and phase velocities were quite 
sensitive to the bubble population distribution.  Here, 
we use the inverse procedure and obtain two integral 
equations for the bubble population density in terms 
of the phase velocity and attenuation. Solution of 
these equations using measured values of the 
attenuation and change in phase velocity allows 
computation of the bubble population. The problem 
faced in the solution of these equations is that they are 
ill-posed, small errors in the measurement data have 
large effects on solution. We considered several 
approaches in previous studies for solving this ill-
posed problem, and found that one based on 
constrained minimization and mathematical 
procedures to regularize the solution worked best [10-
13].  
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BACKGROUND OF THE METHOD 
 
Governing Equations 
 
The bubble size distribution in a bubbly medium is 
characterized by the bubble population density, 

( )N a , connected to M ,the total number of bubbles 
per unit volume with radii a  between 1 2[ , ]a a  by: 
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( ) .
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a
N a da M=∫          (1) 

When sound of frequency ω  propagates through the 
bubbly medium, the bubbles oscillate, extract, and re-
radiate energy into the medium. The effect of this 
dispersive behavior is to makes the sound speed in the 
mixture, ,mC complex. Each bubble acts as an 
oscillator with a characteristic natural frequency 

0ω and a damping constant b that depend upon the 
frequency of the imposed sound wave and the bubble 
radius. Damping due to viscosity, thermal effects, and 
acoustic re-radiation is considered in this case.     
 
A dispersion relation that relates the complex sound 
speed in the mixture to the sound speed in the liquid, 

lc , as a function of the bubble density , can be derived 
as follows, with i representing the imaginary unit:  
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This can be decomposed to obtain two new equations 
for ( )N a after separation of real and imaginary parts, 
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The quantities u and v can obtained by measuring the 
phase velocity, mc , and the attenuation, A , of the 
acoustic wave in the bubbly medium. The phase 
velocity is related to u , and the attenuation, in dB  
per unit length, is related to v  respectively by: 

10, 20 log .l
m

l

c vc A e
u c

ω⎛ ⎞
= = ⎜ ⎟

⎝ ⎠
    (6) 

 
Based on the above relationships, we regard u and v  
as sound speed ratio and attenuation respectively.   
 

Notice that the two integral equations, Eq. 4~5, are 
Fredholm integral equations of the first kind with 
analytic, compact kernels, and are consequently ill-
posed. Such an inverse problem is difficult to address 
as small variations in the measured quantities may 
results in large variations in the sought distribution. 
 
Inverse Problem Solution 
 
Among the techniques for achieving well-posed 
solutions to the inverse problem considered, the 
following method based on linear optimization was 
found to be most successful.  
 
The integral equations, Eq. 4~5, can be discretized 
and written in a standard linear system form: 

,KN = α       (7) 
from which the bubble population density, N, can be 
solved using a simplex method by minimizing 

−KN α with appropriate constraints. In order to   
overcome the ill-posed character, the Tikhonov 
regularization method is utilized by replacing Eq. 7 
with 

.T Tε +N K KN = K α     (8) 
TK is the transpose matrix of K , and ε is a small 

number compared to the maximum element of K . 
 
To validate the above numerical method, a set of 
sound speed ratios and attenuation data were obtained 
from Eq. 4~5 with a prescribed density function 

( )N a , and were used as the input to the inverse 
problem solver. The prescribed ( )N a was a normal 
Gaussian distribution with 100 mμ average radius and 
10 mμ standard deviation. The sound speed in the 
pure liquid was lc =1500m/s. The minimum and 
maximum bubble radii were set to be 10 mμ and 250 

mμ .  
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Fig. 1 Inverse solver solution without using regularization,  
cl = 1500m/s 
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Fig. 1 shows the numerical solution when using the 
correct sound speed, 1500m/s, without using the 
Tikhonov regularization and the solution compares 
well with the prescribed bubble population density 
function. 
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Fig. 2 Inverse solver solution with and without using 
regularization, cl = 1468 m/s 
 
Since the inverse problem is ill-posed, small errors in 
the input can lead to large errors in the solution. In the 
case of a small error in the liquid sound speed, e.g. 

lc =1468m/s, Fig. 2 shows the numerical solutions 
from the inverse solver with and without using the 
Tikhonov regularization. The solution differs 
significantly from the prescribed bubble population 
density function without using regularization. 
However, with the regularization, the numerical 
solution is in good agreement with the exact solution. 

 
Fig. 3 Schematic of basic setup of ABS Acoustic Bubble 
Spectrometer®. 
 
The ABS Acoustic Bubble Spectrometer®©  
 
The ABS Acoustic Bubble Spectrometer®© extracts 
the bubble population from acoustic measurements of 
the phase velocity, ,mc  and the attenuation, ,A  made 
at a range of insonifying frequencies. Fig. 3 shows a 
schematic of an basic ABS setup. It consists of a set of 
two hydrophones, one hydrophone is used for acoustic 
signal generation (emitter) and the other one is used 
for signal reception (receiver). A PC based high-speed 

data acquisition (DAQ) card is responsible for both 
generating the signals to drive the emitter and 
digitizing the received signals from the receiver. A 
signal amplifier is used to boost the received signals 
and an optional filter can also be used to filter out 
background noise. Utilizing specialized software 
algorithms, the received signals for a range of short 
single-frequency bursts of acoustic waves at different 
frequencies are compared with those from a reference 
liquid medium to obtain frequency dependent sound 
speed ratios and attenuations and, deduce the bubble 
size distribution by solving the inverse problem. All 
measurement operations, such as data acquisition, 
analysis, and results screen display are user controlled 
with a user friendly Graphical User Interface (GUI). 
 
ACOUSTIC SIGNAL MEASUREMENTS 
 
Frequency Range Expansion 
 
Each hydrophone has its best signal response around 
its resonance frequency, the response decays as the 
frequency deviates from the resonance frequency. Fig. 
4 shows the frequency response curves of three 
different sets of hydrophones, which clearly indicates 
that no single hydrophone can cover a broad 
frequency range. However, in some applications, the 
bubble size range can cover a broad range from a few 
microns to several millimeters or higher.  

 
Fig. 4 Variation of signal response with frequency for three sets 
of hydrophones used in the ABS system with different 
resonance frequencies.  
 
One way to address this, as suggested in Fig. 4, is to 
use multiple sets of hydrophones with different 
resonance frequencies to cover the broader frequency 
range with good signal response.  This has resulted in 
our development of an ABS system that supports 
multiple-set hydrophones.  Fig. 5 shows a sketch of 
such a setup with three hydrophone pairs, e.g. with 
resonance frequencies at 50 kHz, 150 kHz, and 250 
kHz. Due to the limited number of available analog 
output channels on a multi-functional DAQ card, a 
programmable multiplexer switch is used to route the 
emitted signal to the desired transmitting hydrophone 
pairs based on the emitted frequency. One set of 
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hydrophones is active at a time and the acoustic 
interference among hydrophone sets is minimized. 
Fig. 6 shows a picture of an ABS system with triple-
set hydrophone support. The number of sets can be 
customized to meet specific application requirements. 
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Fig. 5 Schematic of setup for an ABS system with multiple sets 
of hydrophones. 

 

 
Fig. 6 Setup of a triple-set ABS system. 
 
Improvement of Signal Quality  
 
Effects of Amplified signal emission 
 
The multi-functional DAQ card utilized in the ABS 
system can generate a maximum 20-volt peak-to-peak 
analog signal, which could be too low for good 
measurements in large void fractions. To address this 
issue, the ABS system can be coupled with an external 
broad bandwidth power amplifier to boost the analog 
output signal from the DAQ and send it to the 
transmitting hydrophone (Fig. 5). Since only signals in 
the bubbly medium needs to be amplified, the data 
analysis automatically takes into account the 
difference between the reference and test signals.  Fig. 
7 shows the effect of the amplification on the results, 
use of a power amplifier provides significant 
improvements on the measurement for the low 

frequencies and allows detection of larger bubbles. 

 
Fig. 7 Effects of the amplified emitted signal on the 
measurements.  
 
Signal Generation and Acquisition Optimization  
 
Since the amplitude response of a hydrophone varies 
significantly with frequency, the analog signal output 
from the DAQ card needs adjustment to avoid very 
weak signals or saturation. Also, the data acquisition 
card has a fixed number of digits for digitization and 
the wider the measurement range, the lower the 
resolution. Therefore it is also beneficial to adjust the 
data acquisition card measurement range with the 
signal amplitude range to obtain the best signal 
resolution available, this is achieved by adjusting the 
gain settings of the DAQ card.  
 
An iterative auto-calibration scheme is made available 
in the ABS system to achieve the above functionalities. 
It iteratively checks for saturation and received signal 
amplitude, and then adjusts the analog output signal 
amplitude and the gain setting of the DAQ card to 
achieve the strongest emitted signal without saturation 
and the best signal resolution for the received signal.  

 
Fig. 8 Bubbly layer between two hydrophones. 
 
IMPROVEMENT OF DATA ANALYSIS 
 
Spatial Correction 
 
It is not unusual that bubbles are not uniformly 
distributed between the two hydrophones in ABS 
experiments, instead they only distributed in a layer 
that only covers partially the space between the two 
hydrophones. The assumption of uniformity of bubble 
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distribution between the two hydrophones in the data 
analysis process will underestimate the actual bubble 
size distributions. The following analysis addresses 
this issue. Consider a bubbly layer between two 
hydrophones as shown in Fig. 8, and the measured 
quantities of u  and v  are mu  and mv respectively. 
From Eq. 4~5 we have: 

( ) ( )2 2
2 21 4

2
uniform

m m l
o

aN a
u iv C da

ib
π

ω ω ω
− = +

− +∫ ,    (9) 

where ( )uniformN a corresponds to uniformly distributed 
bubbles between the two hydrophones. ( )uniformN a  is 
related to the real bubble density , ( )N a , by: 

( ) ( ) ( )B
uniform

T

LN a N a N a
L

ξ≡ = ,     (10) 

where ξ  is a spatial correction factor. 
From Eq. 9~10 we get 
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If we notice that 
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where the ku  and kv are the quantities for uniform 
bubble distribution, ( )N a , we obtain: 

( ) ( )2 21 1m m k ku iv u ivξ ⎡ ⎤− = + − −⎣ ⎦ .    (13) 

This gives the corrected ku  and kv as: 
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where 2 2 1m mA u v ξ= − − + .   

 
Fig. 9 Spatial correction effect on bubble density distribution. 

 
This spatial correction scheme was added in the ABS 
to handle bubble thick sheets between hydrophones. 
Fig. 9 shows an example of the effects of spatial 
correction ξ  =0.8 on a bubble density distribution. 
The corresponding void fraction was also changed 
from 1.3 x 10-5 to 1.85 x 10-5. 

Iterative Method to Improve u Measurements 
 
In ABS measurements the quantities of u  and v  are 
calculated as follows for wave frequency / 2f ω π= : 

T refu f t t= Δ Δ( ) / ,      (16) 
2 2

4
ref T ref

ER

c log p f p f
v f

fdπ
=

[ ( ) / ( )
( ) .     (17) 

tΔ is the time for the acoustic wave to travel between 
hydrophones separated by a distance ERd , 2p  is the 
mean square amplitude of the pressure signal, and 
subscripts ref and T indicate measurements taken 
under either reference or test conditions. A correlation 
technique is used to compute tΔ from the emitted and 
received signals, determination of tΔ  from the 
correlation peaks becomes more difficult as the signal 
to noise ratio deteriorates in the bubbly medium.  In 
comparison, measurement of attenuation, v , is more 
accurate. To take advantage of the good v  
measurements, an iterative method is developed to 
improve the u  measurements. At the first iteration 
step, i=1, assume u1 = 1. and feed it with the 
measured v to the inverse problem solver to obtain a 
bubble density distribution, ( )iN a , as an 
approximation of the actual bubble size distributions. 
The sound speed ratio for the next time step, ui+1, can 
be obtained from the following equation 

1 / ,iu B v+ =      (18) 
where B is the integral on the right hand side of Eq. 5. 
The above steps are performed iteratively until the of 
sound speed ratio values converge. 
 

 
Fig. 10 An iterative scheme combined with spatial correction 
improves the measurement of bubble density distribution. 
 
The converged values itiu  are then used backwards to 
help choose the correlation peaks for tΔ such that 
u obtained from Eq. 16 are closest to itiu . Then u and 
v   are used in the inverse problem solver to obtain the 
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final solution of bubble density distribution.  
 
This iterative algorithm improves the inverse solver 
stability and accuracy. Fig. 10 shows a comparison of 
such measurements with an optical method results. 
The ABS measurements obtained from the analysis 
that utilizes the iterative method and spatial correction 
compare best with the optical measurement.   
 
Coupling with an Interpolation Scheme 
 
The relationship between the number of bubble radii 
and the number of test frequencies affects the inverse 
solution. If the number of bubble radii selected in the 
inverse problem is greater than the number of 
frequencies used in the tests, the bubble distribution at 
several radii is zero and large spurious oscillations are 
present. Different interpolation schemes to expand the 
u  and v  values over a number of frequencies larger 
than the number of bubble radii were tested. Among 
these, the linear interpolation scheme was found to 
result in a similarly poor bubble distribution as that 
without using any interpolation , however a 3rd order 
cubic spline interpolation scheme, which allows for a 
continuous first and second derivative of the u and v 
curves, yields the best results.  
 
This is illustrated in Fig 11. The exact curve 
represents the bubble density used to compute u  and 
v  for 40 frequencies. The bubble size range was 
discretized evenly over 150 radii. If the u  and v  
curves are not interpolated, the bubble density is 
limited to 40 non-zero values. The interpolation 
procedure allowed for 150 additional frequencies. The 
linear interpolation resulted in an oscillating solution 
much like the non-interpolated case. The cubic 
interpolation clearly presented a superior solution that 
can support a fine resolution of the bubble density 
with minimal spurious oscillations. 
 
EXPERIMENTAL VALIDATION 
 
With recent developments in both hardware and 
software such as described above, the measurement 
range and accuracy of the ABS Acoustic Bubble 
Spectrometer®© system have improved significantly. 
To validate the accuracy of the system we have 
conducted many experiments and compared them 
with an optical method, mainly high-speed 
photography and image analysis, similar to those 
used in our previous studies [12-13]. 
 
Various methods, including electrolysis and air 
injection through porous material of various size, 
were used to generate uniform bubble distributions in 
the test volume between the hydrophones. 
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Fig. 11 Comparison of the effects of different interpolation 
schemes on the inverse solver. 
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Fig. 12 Experiment setup for validating a twin-set ABS 
Acoustic Bubble Spectrometer® system. 
 
Fig. 12 shows a sketch of a setup for validating the 
ABS system. The optical measurements were obtained 
from two high speed video cameras focused on the 
same volume between two hydrophones. Different 
zoom lenses were used, such that both large and small 
bubbles could be captured. A calibration wire was 
used for scaling calibration. For validation, the ABS 
and the two HS-video cameras were synchronized so 
that the video cameras recorded while the ABS 
acquired signals. Validation experiments were 
conducted using an ABS system with two 250 kHz 
hydrophones. The hydrophones were 7 cm apart and the 
bubbles were generated using an electrolysis wire grid. 
Fig. 13 compares the results from the ABS with those 
from optical measurement. The two agree well with each 
other and give similar bubble size distribution and the 
total measured void fraction is about 1.2 x 10-4. 

 
Fig.13 Comparison of bubble population density measurements 
from a single-set ABS system and a high-speed photography 
system. 
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Experiments were performed to verify the effectiveness 
of using a multiple-set ABS system for measurements in 
higher void fraction conditions. Two sets of 
hydrophones, a 50 kHz pair and a 250 kHz pair, were 
used, the hydrophones were set 6 cm apart. Bubbles were 
generated by pumping air with a compressor through a 
porous sintered steel tube.  The tube was placed such that 
the created bubbles completely filled the test volume 
between the two pairs of hydrophones.  
 
Fig. 14 shows a comparison of the measurements 
results from the two methods. The distribution 
computed by the ABS also followed closely the one 
obtained from the photography. The void fraction 
obtained in this case is 2.5 x 10-3. 
 
CONCLUSIONS 
 
The ABS Acoustic Bubble Spectrometer®© is an 
acoustics-based device, which provides bubble size 
distribution in a bubbly liquid through measurement 
of the sound speed and attenuation at various 
frequencies and solution of an inverse problem using 
the measured quantities. Recent developments of this 
instrumentation method from many perspectives, in 
both hardware and software, have significantly 
improved its measurement range and accuracy, as well 
as system robustness. Extensive validation 
experiments were conducted by comparing against an 
optical method using high speed video photography. 
The comparison indicates that the two methods give 
very close results for void fractions up to 3x10-3 with 
bubble sizes ranging from 10 μm to 3 mm. 
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